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INTRODUCTION 


This volume, as originally planned, was intended to conclude the 
whole work with a review, chiefly in differential equations, of such 
standard theory of the calculus as could be exhibited without a 
detailed study of analysis. I soon found, however, that analytical 
requirements kept penetrating and could not be kept out without 
loss of intellectual honesty. The volume is therefore much longer 
than I intended, and includes, substantially, a whole freshman’s 
course of analysis, and more in addition. Nevertheless, my aim 
remained to keep the exposition as simple as possible within clearly 
stated limitations. 

The theme of the volume is the differential equation and its 
solution; and it is hoped that the treatment shows how the processes 
of solution demand extended definitions of functions (for example, 
series and integrals) together with a technique (analysis) for 
studying and controlling their behaviour. The aim is not so much 
to elaborate the detailed properties of such fresh functions, as to 
instil methods which the student can apply or, better, adapt 
himself when faced later with the need for extending his mathe- 
matical vocabulary. 

The work is, in essence, familiar, but it ought perhaps to be 
remarked that there are a number of points where the details vary 
from standard. practice. 


SECTION 1 
ORDINARY DIFFERENTIAL EQUATIONS 


There is a large field of mathematics, especially in its application to 
physical problems, in which the aim, ultimate or intermediate, is 
to express one variable y as a function of another variable x. In 
simple cases the restatement of a given problem in mathematical 
language may give the relationship quickly; in others, the solution 
may come only after a strenuous struggle with algebraic or trigo- 
nometrical equations. 

What we have to consider now is the possibility that the language 
may, in the first instance, involve not only the variables themselves, 
but also differential coefficients, ordinary or partial. In this section 
we confine our attention to the ordinary differential coefficients 
dy/dx, d*y/dxz*, and so on. 

For example, a curve may be known to have the property that, 
referred to a given system of rectangular Cartesian coordinates, the 
rate of change of the gradient at any point P(x, y) is equal to the 
square of the distance of P from the y-axis. The problem of identify- 
ing the curve begins in mathematical language with the equation 


or - τς ΞΞ x. 
In this simple case we can go further at once and ‘solve’ the 
equation. By integration, 
dy 
Ign te +A; 
where A may have any arbitrary constant value; and a further 
integration gives the ‘solution’ 


where B is a second arbitrary constant. Thus there is a family of 
curves with the given property, and individual members of the 


I MIV 


2 ORDINARY DIFFERENTIAL EQUATIONS 


family are picked out by the particular values of A, B; for instance, 
if we know that the curve passes through the two points (0, 0) and 
(1, 0), then substitution of these values in the solution gives the 


relations peny Asuna 
so that the curve is y = pga" — Poe. 


It is worthy of note that this general solution for the relation with 
the second differential coefficient contains two arbitrary constants. 

A relation like y” =2*, involving differential coefficients, is called 
& DIFFERENTIAL EQUATION; an equation is ORDINARY or PARTIAL 
according as the differential coefficients are ordinary (as throughout 
this section) or partial. The onpER of the equation is the order of the 
highest differential coefficient contained in it. The process of 
expressing y as a function of x is called sovrne the differential 


-equation, and, for order n, the solution may be expected to contain 


n arbitrary constants whose evaluation, when required, depends on 
‘conditions’ beyond the equation itself. Whether any particular 
equation can be solved at all is a big problem on which we do not 
enter; our attention is directed towards examples which experience 
has proved to be soluble. 

Weare dealing with a subject which is one of the largest in mathe- 
matics, and for a fully detailed account the reader must pass to the 
text-books specially devoted to it. The aim of this section is to 
explain the principles which underlie the processes of solution, 
with sufficient detail to enable the general student to tackle the 
problems which he is most likely to encounter at the present stage 
of his work. 


CHAPTER XIX 
EQUATIONS OF THE FORM y’=f(z, y) 


The solution of a differential equation necessarily begins with a 
recognition of its form. The present chapter deals with equations 
in which y’ is expressed as a single-valued function f(x,y) of x 
and y. The treatment varies according to the form of the function, 
and the work which follows is designed to exhibit a number of 
typical cases. 


1. Geometrical interpretation. If the two variables z, y are 
regarded as the rectangular Cartesian coordinates of a point P, the 
equation 


wa (x, y) 


serves to specify a definite gradient at P. A solution appears as a 
relation (with an arbitrary constant) connecting x, y, and may be 
interpreted as the equation of a curve, which is the locus of a point 
P moving so that its direction at P has given gradient f(x,y). 
The presence of the arbitrary constant is reflected in the arbitrari- 
ness in the choice of a starting-point which, once selected, deter- 
mines the particular curve of the system. 


y 


Fig. 147 
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4 EQUATIONS OF THE FORM γΜ' Ξ [(5, y) 


2. The equation when f(*, y) is a function (i) of x only, 
(ii) of y only. 
(i) If f(x, y) =F (x), the equation is 


dy 
dx =F (x), 
and the solution is y= F(x) dzx+C, 


where C is an arbitrary constant. 
(ii) If f(x, y) =G(y), the equation is 


ἂν 


— (24 


where C is an arbitrary constant. 


and the solution is 


3. Variables separable. If 


f(x, y) = U(x) v(y), 
the product of a function of x only with a function of y only, the 
equation is dy 
dx u(x) v(y); 


and the solution is [uc) dz +, 


‘a 
v(y) 
where C is an arbitrary constant, The equation has been separated 
into a part involving x only and a part involving y only. 


EXAMPLES I 


Solve the following differential equations: 


dy _ 2 dy _ 2 
Fal ad 2. amity 


dy dy 
3. 1, Ξ οὔτ tany. 4, qn tet y tay. 


HOMOGENEOUS EQUATION 5 


Solve the following differential equations under the conditions 
stated: 


5. oy (1+2)*, given that y=0 when x=0. 


6. oy cos y cot y, given that y=0 when x=3. 


7: eo = my given that y=1 when z=1. 


8. (1 +a) 1+y=0, given that y=8 when x=2. 


4. Homogeneous equation. If 
-ο 5 
f(x,y) = 95) ᾿ 
a function of the quotient y/x, the equation is 
dy _(y 
zd) 
Such an equation is called HomoGENEOUS. It can be solved by 


reducing it first to the ‘variables separable’ type: 
Make the substitution 


Y=, 
dy dz 
th >= We 
so that is 2 ἘΔ de 
νι. dz 
The equation is a+uT7 τρί), 
or* ee = 
z g(z)-—z 
so that log x= Pace +0, 
g(z)—2 


where C is an arbitrary constant. 


ILLUSTRATION 1. 70 solve the equation 


dy___xy 
dz x+y 


5 * It is customary, and convenient, to use differentials freely in work of this 
‘ind. 


6 EQUATIONS OF THE FORM Μ΄ ={(z, y) 


Write Y¥=22, 
dy dz 
so that Fea 
The equation is ΜΡ στ ae 
4 dx 1-.χ3᾽ 
ἃ ot! 
dz 1+2 
se 
1+22° 
x Zz 
or Ot, Ot Oe 
δ δι ψον 7 
so that logz— + logz= constant, 
or log zx arr 
8 222 , 
a? 
or log y= Dy? + constant. 


The solution may therefore be expressed in the form 
y = Ader", 
where A is an arbitrary constant. 
ILLUSTRATION 2. ΤῸ solve the equation 


dy , 3x —18y—15_ 
da’ 22x—4y+18 


We include an example which is not, in the first instance, of homogeneous 
type in order to show the kind of treatment which some equations require 
to bring them to standard form. 


Make the substitution 
z=u+a, y=v+b, 


HOMOGENEOUS EQUATION 7 


where wu, v are the new variables and a, ὃ constants. Then 


dv dy 32 —18y—15 


du dx  224—4y+18 


_ 3u— 180+ (8α -- 18 — 15) 
22u — 4v + (22a —4b + 18)° 


Choose a,b so that 3a—18b—15=0, 
22a —4b+18=0, 


or a= —1, -Ξ- -Ἶς 
— ἄν _ 3u—18v 
dus 22u—4v 

3 —18(v/u) 


~~ 22—4(v/u)* 
The equation is now of homogeneous form, and we make the sub- 
stitution 


v=2U, 
dz 3—18z 
so that daa iam as pal 
‘ae pee 4:-4ε--8. (22-8) (22 +1) 
du 22—4z 9-42 ᾿ 


ἄμ (28—4z)dz 
u (25-- 3) (22 - 1) 

.. 4: θά: 
22-3 2z+1° 


or 


Integrating, we have 
log u = 2 log (22 — 3) — 3 log (22 + 1) + constant, 


ὃ «οὐ θ(8.::8} 
(22+ 1)8 ᾿ 
where C is an arbitrary constant. Hence 
u(2z + 1)? = C(2z—3)?, 
or (2v + u)? = C(2v — 3u)?, 
or, since uw=x+1, v=y+l, 
(2y +2 +3)® =C(2y — 3a —1)*. 


8 EQUATIONS OF THE FORM y’=/f(z, y) 


EXAMPLES Ii 
Solve the differential equations: 


, dy «+y 9 dy _x+y+2 
‘dz «“-- ν΄ "de φὡπν 
3, YY 4 z-(“=2)’ 
2 τὸς 2 omy ἃς 
2 
5. νον = =* i , by the substitution y? = va. 
ἂν τ | Ἢ γε τὰν 
6. ea τ ar τῆι 0, by appropriate substitution. 
dy xcosy+2siny ‘ ae 
Bag sr see τῷ : 
7. sec? y ere δ! by appropriate substitution 
dy εἶτ -- 
Β ἄς 2: εν-α 


5. Orthogonal trajectories. The solution, with arbitrary 
constant, of the equation 


ley) 


defines, for differing values of the constant, the curves of a family 
F, with the property that the gradient of the member through a 
point P(x, y) has the value f(x,y). It may happen that there exists 
a second family F, of curves, having the property that, at every 
point P in the plane, the tangent to the curve of F, through P is 
perpendicular to the tangent to the curve of F, through P. The 
curves of the family F, are then called the orTHOGONAL TRAJEC- 
TORIES of the curves of F,. 

Since the gradient of the curve of F, through P is —1/f(«, y), the 
differential equation for the curves of F, is 


= lint 

dx f(x,y) 
Norte. Orthogonal trajectories in polar coordinates. A differential 
equation a 


Wat 9) 


ORTHOGONAL TRAJECTORIES 9 


defines a system of curves referred to polar coordinates r, 0. It is 
easy to deduce, from the results given in Volume 0, pp. 109-10, 
that the differential equation for the orthogonal trajectories is 


ILLUSTRATION 3. T'o find the orthogonal trajectories of the rect- 


angular hyperbolas 2 y'=0, 


where C ἐδ a parameter varying from hyperbola to hyperbola. 
The curves of the system satisfy the differential equation 


or > —~e 


ee 
de x2’ 
or οὐ +y=0. 
Integrating, we have the equation 
| οὐδὸν 


which, for varying A, defines a second family of rectangular 
hyperbolas. 


EXAMPLES III 
Find the orthogonal trajectories of the families of curves: 
l. κχ"-- 4,2 --Α. 2. w®—y*+22=A. 
3. Β]ὴ αὶ coshy=A. 


ὅ. χ-- 6a%y?+yI=A. 


4. xcosy—ysiny= Ae, 


6. 2°+2a?-—32y?-—y? =A, 
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d : : 
REVISION EXAMPLES XV 24, e* 00s ΩΣ — ye" sinz=2, given that y=0 when x=0. 


Solve the differential equations: 25. y®+ (ὧν +2") wy 0, given that y=3 when z=1. 


dy Ι ἂν x+y 
1. 2(1—zy) 7 =y". o ea aaa 26. Obtain the differential equation satisfied by the family of 
urves 
g ae? ,. ἵν 1 42+3y*-1 ; y=Cz+alogz, 
dx hat+byt+f ‘dx 2y 3u+4y? ΕἸ" where C is a variable parameter. 
| ‘ dy _1—a?-y ὰ dy 3«—by—9 | Find the differential equation of the orthogonal family and 
ἢ ᾿ ἀκ 1+a+y* ᾿ἀ 85--ἀγ.--8᾽ integrate it. 
1. (et can ὃν ὲ dy a+ dy") 27. Obtain a differential equation satisfied by the family of 
. y ee y . ae = 322+ yy? . curves y? — 3a2y =a’, 
dy z) dy where a is a variable parameter. 
9. ᾿" = == se a -Ξ} Ξξᾧ -- — Ἢ 
ἀξ μὰ dx τ ἘΣ oy da Ὁ Find the differential equation of the orthogonal family, and 


2 ‘ Ἢ 
ll, (72) + (sinz +0082) y + Jy?sin 2 =0, integrate it. 


28. A family of curves is given by 


12. OY yea], where y=0 when z=0. ev =A(y+2), 
d where A is a variable parameter. Find the differential equation 
13. va =g—kv®, given that v=0 when x=0. satisfied by this family and show that there is an orthogonal family, 
and that it consists of parabolas. 
14, 2? wy y* + 2xy. 15. 2 ηϑ τε αν, 29. Find the differential equation of the first order satisfied by 
4 the family of curves a3 — a3 
16. (x? — 2ay) A= y*— 2ay. Ἐπ ὃ "Ὁ 


where a is a variable parameter. 
Find the equation to the family of curves that is orthogonal to 
the above family. 


30. Find the orthogonal trajectories of the families of curves 


(i) y(z*—y*®)=C(a*+y’), 
(ii) r=C(1 +0089). 


17. (5a—yt+ 1) 2+ 2— by +5=0. 


dy _xtanhy 
" de x41’ 


given that y=1 when z=0. 


19. ot γι Εν), given that y= —1 when z=1. 


dy dy x+y+1 

20. cose7—ysing=1. 21. dx x—2y+3° 
dy are dy y νυ" 
22. 1, ᾿ " cote =sin ῳ. 23. ΤΈΣΣ 


12 


CHAPTER XxX 


LINEAR DIFFERENTIAL EQUATIONS; 
GENERAL PROPERTIES 
[The beginner is advised to read this chapter fairly quickly to gain 
familiarity with the outline and the terminology. Too much stress should 


not be put at first on the more abstract ideas; but they will appear later 
as important to a real understanding of the manipulations. ] 


1. The linear operator. We turn now to the LINEAR DIFFER- 
ENTIAL EQUATION 


P(x) ΤΣ + Pa) 4 +... + Palo) + Pylo)y = Qe), 


in which y and its differential coefficients occur linearly. The corre- 
sponding equation when Q(x) is replaced by zero is called the 
COMPLEMENTARY EQUATION. | 

The left-hand side may be expressed more concisely by using a 
symbol D to denote the operation of differentiation with respect to 
the current variable x. Thus 


Dy=%, Dz? =3x?, Dsmx=cos2, 


and so on. It is important to observe that the operator D acts on 
a term that comes after it; for example, 


αἰ Da? = 2°(iz*) = 52, 
but αὐ =2°(2e) = 22". 


By an obvious process of induction, we write 


D*y = D(Dy) =(2) 4 


᾿Ξ (45. ὃν 
ϑῳ = Π103}) =D(73) =<, 
and so on; then the given equation appears in the form 


{Po(v) D® + P,(w) D?* +... ἘΦ. χα) D+ F(a) y= Q(z). 
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The expression in brackets { } is called a LINEAR OPERATOR acting 
on Ψ. 
The propuct of two linear operators 


{Βα} D® +... +P, (x)} 
and {Qo(x) D™ + ... + B,(x)} 
is defined by the chain 
{Py(x) D® +... + P,(x)} {Qo(z) D™ +... + Qn (Py 
={P,(z) D* +...+P,(x)}», 
where v={Q,(x) D™+...+Q,,(@)} y. 


The product of more than two operators is defined similarly by 
induction. 

The order of the factors in a product is very important; the two 
expressions 


{Po(x) D® +... + F,(&)} {Qo(e) D™ +... + Qm(e)} 
and {Q,(v) D™ +... +Q,,(x)} {Po(x) D® +... +P, (x)} y 
are usually quite distinct. For example 


(aD +1) (2?D+1)y=(aD +1) (x*y'+y) 
=a (μεν). (οὖν +9) 


= ax(x?y” + Quy’ + y') + (α΄ +y) 
= ay" + (3a*+ax)y'+y, 


whereas 
(αὐ +1) («D+ 1)y=(2*D + 1) (xy'+y) 
mat τ (ay +y) + (zy'+y) 
= wi(ay" + 2y') + (xy Ἐν) 
= xy" + (22 +a) y'+y. 
An operator like P(x) D"+...+P,(x) 
is often abbreviated to the symbol 
L(D). 
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If L(D) and M(D) are the two operators just mentioned, the two 
products are L(D) M(D) and M(D) L(D); when acting on y they 
will yield the two expressions 


L(D)M(D)y, M(D)L(P)y. 


EXAMPLES I 
Evaluate the following expressions: 
1. (D?-—3D+2)e*. 
3. (D*+4D?+ 4) asin 2a. 
5. (sinz.D cosx)—(cosz.Dsinx). 6. (x*D*x%) —(2*D*2*). 
7. (D*?-—2D+1) ye™. 8. (D§—3D*+3D—1) ye*. 
9. (xD+2)(#D+3)y. 10. (0 -- 1 (Ὁ -- 2) e*. 
11. (cosx.D+sin2) (sinv.D-+cosx) cosa. 


12. (e* ἢ) - 6.3) (e-* D+ e*) e*. 


2. (D?—5D+6)e™, 


4. (sinz.D-+cos 2) cos’ x, 


2. Linearly dependent functions. The » functions 
U(X), Ua(%), ...... Un (*) 
are called LINEARLY DEPENDENT if there exists a linear identity 
A, U,(%) + Agug(x) +... +A, U,(2) =0 
with constants A,, As, ..., A, not all zero. 
For example, the functions 
2, 2, 2+e 
are linearly dependent, whereas the functions 
Δ a 


are not. 
To prove that, if the functions uy, Ug, ..., Up, are linearly dependent, 
then the determinant W(x) defined by the relation 


Uy tg = ae ἃ 


is identically zero. 
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(For the three functions x, x*, x+2?, the identical relation is 
l.v+1l.a?+(—1).(%+2?)=0, 
and the determinant W(z) is 


e αὖ. 2par 
l 24 1+22z |, 
0 2 2 


which is zero for all values of x.) 
If the functions are linearly dependent, there must exist con- 
stants A,, A,,...,A,, not all zero, such that 


Ayu, +Agtg +...4+A4,u, =0. 


On the assumption that the differential coefficients exist, successive 
differentiation gives the relations 


A,u, τὰ, +...¢A,u, =0, 


A, uf + A,uf 9 +... +A, u?Y=0. 


Since the constants A,, A», ...,A,, are not all zero, the determinant 
obtained by eliminating them from these 7 relations must be zero; 


that i 
iia W (x) =0. 


The determinant W(x) is called the Wronsxk1an of the given 
functions, 


InLusTRATION 1. The n functions 
Gt, Cer, ancy, ΦῈΞ 


are linearly independent if a, ας, ..., a, are all different. 
The Wronskian is 


eut ρα ΓΟ 
a, e%* Ay e%2” a, em 
n—1 pa,z n—1 - 


= οἰαγ  Ἐαχε..«Ἐαρὴα ay Ag sos Ay, 


eeree eee eee ee ᾧ αὶ ὁ αὶ αὶ ἃ ὁ ὁ ὁ ὁ ὁ 


= : εἴασε τας. ξαρ)ς (a, -- dg) (α, -- Ag) ... (α,....χ--α,). 


16 LINEAR EQUATIONS: GENERAL PROPERTIES 
Since this is not zero if a,, ας» ...,@, are all different, the n functions 
are linearly independent. 

(Note that we are concerned with LivzAR independence. For 
example, the functions εἶ, e””, e**, e# satisfy the quadratic identity 
ere = e*%e8z,) 

ILLUSTRATION 2. The n functions 

e%%, get, giet® .,,, gigas 

are linearly independent. 

Since an identity 

A,e% + A,we™+...+A,2"e"=0 
implies an identity 
A, +Agut...+A,2°1=0, 

it will suffice to prove that 1, x, ...,2"-1 are linearly independent. 

The Wronskian is 


Sh Gee. ae ee gt 
(n—1)a"-* 
(n—1)(n—2)a"-3 |=1.2!.3!.....(n—1)!. 


Since this is not zero, the n functions are linearly independent. 


3. The complementary function. Consider the linear 
differential equation 


L(D) y= {Po(x) D® +... +B, (@)}} y =U), 
with complementary equation 
L(D)y=0. 

Suppose that we have been able, in any manner, to obtain solutions 
ῃ =U,(x), y=U,(x), ... of the complementary equation, so that 

L(D)u,(z)=0, L(D) u(x) =, 
Then, by direct substitution in the complementary equation, we 
find that the function 

y =A, uU,(x) + Apua(v) +... 
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L(D)y=0 


for all sets of values of the constants A,, Ag, .... 
In particular, if 


satisfies the equation 


Uy(X),  Ug(X), -..» Uy (X) 


are precisely n linearly independent solutions of the complementary 
equation, then the solution 


y = A,U,(x) + Aguo(%) +... +A, u,(2) 


is called the COMPLEMENTARY FUNCTION of the given equation. It 
contains the arbitrary constants that might be expected. (Com- 
pare p. 2.) 

For example, it is easy to verify that each of the functions 
e*, e satisfies the equation 


d*y dy ai 
FP Vas + 2y=0, 
and so the complementary function of the equation 
d*y dy 
da? 3 oe + 2y = 4x sin 3x 
is Ac? + Be, 


We assume without proof the theorem that EvEeRy solution 
of the complementary equation can be expressed in this way, as a 
linear combination of any n linearly independent solutions. 


4. Solution by complementary function and particular 
integral. Suppose that we have been able, in any manner, to find 
one solution 

y = U(x) 


L(D) y= Q(z). 


Such a solution is called a PARTICULAR INTEGRAL. 

To prove that, if y=u,(x), y=u,(x), ... are solutions of the com- 
plementary equation and if y= U(x) is a particular integral (of the 
given equation), then the function 


of the given equation 


y= A,U,(x)+Aguo(x)+...+ U(x) 
ts a solution of the given equation. 


2 MIV 
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With this value of y, 


L(D) y ={L(D) Ayu} + {L(D) Agu} +...+{L(D) VU} 
= A,{L(D) u,}+ Af{L(D) u.}+...+{L(D) UV}, 
since A,, Ag, ... are constants. Thus 
L(D) y=A,.0+A,.04+...+Q, 
by definition of τι, w2,...,U. Hence 
L(D) y=9. 


In particular, if w(x), wo(x),...,u,(x) are precisely n linearly 
independent functions satisfying the complementary equation, 
then a solution, with m arbitrary constants, of the given equation is 


Y = Ay Uy(%) + Agtle(%) +... ἙΑ Uy (x) + U (2). 


We assume without proof that every solution of the given equation 
can be expressed in this way, as the sum of the complementary 
function and any one particular integral. 

(For different choices of particular integral we should require 
different sets of values of the arbitrary constants A,, A», ...,A,.) 


InLusTRATION 3. Το solve the equation 


d*y dy ae 
> an at. 


The complementary function (compare p. 17) is 
Ae* + Be*, 
Also it is obvious that a particular solution of the given equation is 


Ψ ΞΞ 2. 
Hence the general solution is 


y = Ae* + Be + 2, 


5. The equation of first order. The linear differential equa- 
tion of the first order is 


Βα) 2+ P(x) y=Q(a), 
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but it is more convenient to divide first by P(x) to obtain the form 
dy 


<2 + Pl) y=Q(e) 


(for a fresh value of Q(x) on the right-hand side). 

This equation can always be solved, subject only to the evalua- 
tion in practice of the integrals which appear. We give two methods, 
of which the first has been foreshadowed in Volume m1 (p. 54). 


First mMetHoD. Integrating factor. 
Evaluate first the integral 


[P(x) dx 
and then the exponential e/P?@ 4, written sometimes οἴ ἄς, 
The latter expression is an integrating factor of the given 
equation which, on multiplying by that factor, becomes 


Pact s Pia) JPdz y— Q(x) JPa, 


or £ tydP da} = Q(x) ef Pax, 


Thus yP de — C+ (Q(x) JP de, 
where C is an arbitrary constant. The equation is therefore solved, 
in the form y = CeSPwde 4 e-SPta)dz [ Q(x) el Po) dex dar, 

SECOND METHOD. Variation of parameters. 


This method can be applied widely and is of general importance. 
We begin with the complementary equation 


dy 
dott y= 


dy 
y 
and obtain at once its solution 


or + P(x) dx=0, 


y = aeSP@) dz 


where a is an arbitrary constant. 
The method consists in taking this solution of the complemen- 
tary equation as a kind of approximation to the solution of the 


2-2 
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original equation, but replacing the constant a by a variable z; 
that is, we make in the given equation the substitution 


y= ze) Pia) da, 
Thus yo Pedr — 2, 
dy dz 
P(x) da _7 P(@) dz 4, — —— 
so that εἴ act P(x) εἴ γε» 


and the given equation therefore appears in the form 


- = Q(x) e) Pia) da, 


Hence 2= [ Q(x) JP@ de dx +0, 
where C is an arbitrary constant, so that 
y= ze) P(e) da 


= CeSPi)de + ¢SPt)de (Q(x) efP@)de dee, 


In the language of the preceding paragraphs, the complementary 
function is Ce-SP) ae 


and a particular integral is 
eS Px) dx Q(x) JP@de dy, 
ILLUSTRATION 4. 70 solve the equation 
(1 +2) 4 ay= (1 +2)? 6, 


We use the method of variation of parameters, which is more in 


- line with some of the work that follows. 


The complementary equation is 


(142) + 2y=0, 


dy xdzx 
or y ise 
or t+ (1-75) aro, 
y 1+2z 


and its solution is 
log y+x—log (1+2z)=constant, 
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or y=a(l+2)e*, 


where a is an arbitrary constant. We therefore subject the given 
equation to the substitution 


y=2z(1+z)e™, 
so that —=— (1+) e*—zxe, 


and the equation becomes 


(1 +ayree = = (1 +2)? e, 
or zee" 
Hence z= e+, 


and the solution of the given equation is 
y=C(1+x)e*+ ἐ(1 +a) ec. 


See Revision Examples XVI, nos. 1-20, pp. 26-7. 


6. The equation of second order. The linear differential 
equation of the second order is 


| Pala) 54 + Px) SY + Pye) =Q(2. 


It is not possible to derive a general solution in the straightforward 
way that we have just done for the equation of the first order. There 
are, however, a number of occasions when one solution of the 
complementary equation can be ‘spotted’, and it is then possible 
to solve the given equation completely. We prove that, if onE 
solution of the complementary equation is known, then the given 
equation may be solved completely, subject only to the evaluation 
of the integrals involved. 
Suppose that y = u(x) 


is a known solution of the complementary equation, so that (in 
abbreviated notation) 


Pou’ +P,u'+P,u=0. 
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Remembering that y=aw is also a solution for constant a, we use 
the method of Variation of Parameters, and make the substitution 


y=2u 
in the given equation; then 


μ᾽ τε χει Ὁ τι, 
yy” =2"U+22'u' -Ἐ ταῦ. 
The given equation becomes 
P,(z"u + 22z'u' + zu") + P,(2’u + συ) + P,zu=Q, 
or Pyuz" + (2Pyu' +P,u)2' +(Pou” + Bw’ + Pu)z=Q, 
or uz" +2u’2’ + (P,/Po) uz’ =Q/Po 
on dividing by P, and remembering that the coefficient of z is zero. 
Multiply* by wu. Then 
ὦ (ute!) + (Pi|Pa)(u*2’) = (Qu/P)- 
This equation is linear in the variable u*z’, and so (p. 19) 
22’ = AeS\Pi/Po) de 4. e—S(Py/Po) dz Ϊ = eJ(Py/Po) dx dz, 
0 


where A is an arbitrary constant. 
Divide by u? and integrate; then multiply by u. We obtain the 
solution of the given equation in the form 
—|(P,/P,) dz —[(P\/P))dz 
y= But Au [de +n fe { ( Feesevroae aa} de, 
U U BR 


where B is a second arbitrary constant. 
As with much of this work, it is the method and not the formula 
that should be remembered. 


InLusTRATION 5, 70 solve the equation 
(a:® — Qa) y” — («3 — 2) y’ + 2(a— 1) y = («3 — 4a + 2) e*. 
The complementary equation is 
(x? — 2a) y” — («3 -- 2) γ' + 2(x—1) y=0. 
* The expression uz” + 2u’z’ becomes, after multiplication by τι, the differential 
coefficient . (u*z’). The student must learn to ‘focus his eyes’ to observe such 
possibilities. 
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We observe that 
(“3 — 2a) — (x? —2) + 2(2—1) =0, 


and so y = ae 


is a solution of the complementary equation (since then we have 
y=y' =y"). We therefore make the substitution 


y = 2", 
so that ψ' =2z'e + ze, 
y” τ χοῦ + 22z'e* + ze”, 
and the given equation becomes 


(“3 — 2.) e® (χ" + 22’ +2) — (ω3 — 2) οὗ (2’ - 2) 1 2(5 -- 1) e*z 


= (a? — 4a + 2) e, 
or («3 — 2a) 2” + {2(x? — 2.) — («3 — 2)} 2’ =a* —4a +2, 
or (3 — 2a) 2” + («3 — 45 -᾿ἰ 2) 2’ τε --ἀχ -ἰ 2. 

Thus (a? — 2a) 2” + (“3 — 4a + 2) (z’—1)=0, 
so that SE) ΞΡ ῈΞ de, 
or 5.5) + 1 - oa dx=0., 
Integrating, 
log (z’ — 1) + a—log (x* — 2x) = constant, 
or z'’—1=A(z?— 2x) e, 
Hence z-2=A [(e*—2x)e*de+B 
= — Aze* + B, 


where A, B are arbitrary constants. 
Thus 
z=B-—Ax*e* +2, 
and so the solution of the given equation is 


y = Be* — Aa? + χοῦ. 
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7. Solution by factorization of the operator. Suppose the 
second-order linear differential equation to be divided throughout 
by the coefficient of y” and then expressed in the form 


L(D)y={D? + P(x) D+ P,(x)} y= 96). 
A solution is obtained if the left-hand side can be factorized in the 
ἫΝ {D-+u(x)} {D+v(a)}y3 
for, writing {D+v(x)}y =z, 
the first-order linear equation 


% + u(2)2=Q(2) 


gives z, and then the first-order linear equation 
= +v(x%)y=z 
gives y. The problem is to find u(x) and v(x). 
Since 
{D+u(z)} {D+ v(x)} y= Diy’ + v(x) y} + u(x) {y’ + v(x) y} 
= {y" +(x) γ΄ +v'(x) y} + {μ(α) ψ' + u(x) v(x) y} 
=y" +{u(x) + v(x)} ψ΄' + {v' (x) + w(x) o(x)} y, 
we have the relations u(x) + v(x) =P,(x), 
v' (x) + u(x) v(x) = P,(2) 


to determine u(x), v(x). Eliminating u(x), we obtain an equation 
for v(a) in the form 


v' (x) + {P,(zt) — v(x)} w(a) = Pla), 
or, writing v(x) =, 


a + P,(x)v—v? =P,(2). 
This equation, known as a RICCATI EQUATION, is discussed in text- 
books devoted to differential equations. The immediate need is 
any one solution, and the success of our attempts to factorize the 
operator will depend on our ability to find such a solution for the 
particular functions P,(x7), P,(x) of the given equation. 
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In some problems the differential equation for u(x) is more 
amenable, and it should be obtained if a value for v(x) remains 


elusive. Since v(x) = P,(a) —u(z), 
the equation is 


P(x) —u'(x) + u(x) {P,(x) — u(x)} = F(a), 
or, writing u(x) =u, 
u' —P,(x)u+w=P;(x)— Pi), 


another Riccati equation. 

It should be remembered carefully that the order of the two 
factors D+u(x), D+ v(x) must be preserved; they are Nor inter- 
changeable. 


ILLUSTRATION 6. 70 solve the equation 
ψ" + (οοὔ ὦ -- 2) ψ' — (cosec? x + 2 cot x) y=e*. 
Suppose that the left-hand side is 
(D+u)(D+v)y=Dly' + vy) + uly’ + vy) 
=y"+vy' +v'y+ uy’ +urvy 
=y"+(u+o)y’+(v' +uo)y. 
Then u+v=cotz—2, 
v’ +uv = —cosec? x -- ῶ οοῦ 2, 
so that v’ +v(cotz—2—v)= —cosec* 2; —2 cot z, 
or υ΄ + (cot x — 2) —v? + (cosec? x + 2 cot 2) =0. 
By inspection (and this is a point of real difficulty for this method), 
a solution is «ες 
and it follows at oncethat w= -- 3. 
Hence the equation is 


(D—2)(D+ cot) y=e*. 


Writing (D + cotx) y=z, 
we have = —2z= δ, 
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and so, solving this first-order linear equation, ol eee peeks 


z= Ae** —e®, ly 
mel ca 2 
where A is an arbitrary constant. Hence (1 τα) (1 Ὁ 2.) τ Ἐν (1 -- “)" (3 -- 22). 
dy dy 
ψ' +y cota = Ae — e®, ‘ zlogaT +y=logz. 8. qn t ¥ Cote τε βίῃ. 
or* γ΄ sinz+ycosxz=Ae* sin x—e* sin 2, ἂν [ ; 
so that ysina=A fe sinadz + B—fe*sinxdz, . (ΕἸ) —8y=(%+ 1) , where y= 3 when z=0. 


dy 


where B is an arbitrary constant. Thus . cobes —y= cot x sin* z. 


sin  =Ae** (2sinz—cosz)+B— $e (sinxz—cos 2). 
y pAe™ ( ) 22° ( ) π΄ - ὙΠ 
The difficulty in ‘spotting’ v(x) suggests that we might have tried da 
instead the equation for u(z): 9. dy : 3 
ΩΝ anaes . (4—cos x) 7 + 4ysin x τε βίῃ «(2 + cos2). 
v=cotx—2-u, 
the equation is 22 (14 20 cot 2)y =a sinz. 
{—cosec? x —u'} + u{cot «— 2—u} = —cosec? x — 2 cotz, Ae. τὰ 
(JN hada a ΗΝ dy 
or u' —u(cota—2)+u®=2 cota. ἐν πω ee τς ee 


A glance at the coefficients of cot x suggests that we might consider 


dy dy 
2 --- ΝΕ ΜῬΜΦΨἴ ΕΣ ΣΖ — 
the solution . ἃ 1) Ὁ 2(5 -ἰ 2) ν-- 2(5 τ 1). 17. x jn  Y =H 


u=—2, 


OF LF sing where y=0 when t=7 

and this is seen to be satisfactory. Then ' dx’ a y= aia 

μπορία, : cos 2 94 + (cosae+sin:2) y=2-+sin 22. 
and the solution proceeds as before. F 
: we(@—1) 52 (ὦ --ϑ)ν ταῦ. 21, (1 --αϑ) γ" -- χ ' Ξε 2. 
REVISION EXAMPLES XVI . ey" +y'+1l=z2. 
Solve the differential equations: . Solve the equation 
1. oY 4. 2y tan x= cos* x, (2a +2") y" —2(1+2)y'+2y=0, 


given that y=2? is a solution. 


d 
aes) 1: Disdiiheia Srna 24. Solve the equation 


3. (at 1) % + y= (a? 1). 4, oY 5 loge = eee (1 +27)? y” — 4a(1 +2?) y’ — (1 — 82? — 24) y= 2(1+27)8 cos 2, 


* The equation is a linear equation of the type discussed on p. 19. The 
integrating factor is sin 2. 


given that one solution of the complementary equation is 


(1+27)sin a. 
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25. Show that the general solution of the equation 
xy” — 2xy’ + 2y=0 
is a polynomial, and solve the equation 
x*y” — 2xy' + 2y=2* cosa. 
26. Solve completely the equation 


2a(1 — ayn £ [2201 -α) 3 ={1—(1+2a)a}y, 


given that there is a particular integral of the form y=2". 
Examine the case a= —1, 


27. Solve the equation 
(2.3 --- 1) y” — (4.3 + 45 — 2) y' + 8xy τε 45, 


given that the complementary equation has a solution of the form 
y=e™, 


28. Solve the differential equation 
ay” + (α -- 3) ψ' —2y=25. 
29. Solve, in assimple ἃ form as you can, the differential equation 
y" + (x? — 2a) γ' — day τεῦ, 


given that the complementary equation has a solution which is 
a power of z. 


30. Solve the differential equation 
y” + (1+ 2a-1 cot x — 2a-*) y= x cosa, 


given that z~sinz is a solution of the complementary equation. 
Prove also that, if y=1 and y’=1 when x=0, then y=7 when 
=. 


31. Solve the differential equation 
(2 sin 2+ cos x) y” -- αἀψ' cosx+y cos x Ξε βίη x(x sin x + cos 2)*, 
given that z and cos ὦ are solutions of the complementary equation. 
32. Use the substitution z=zy to solve the equation 
xy” + 2y’ +a*xy τεῦ, 
where y= 0 and y’ = —a when z=7/a. 
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33. Explain what is meant by an integrating factor of the equa- 


aon Pdzx+Qdy=0. 
Show that, if P/Q is a function of y/x, then 
(aP + yQ)* 


is an integrating factor, giving the solution 


ἀ(ψ 2) 7 
[ger rt ee? 


Solve the equation 
(x? + y*) dx —aydy=0. 


34. Show that the equation 
22(1 + 2?) y” — 2y = 2.3 
possesses certain solutions of the form 
y= Ax 3+ Βα πα, 


where A is an arbitrary constant, B a definite function of A, and 
n a definite number. 
Find the general solution. 


35. By putting y=zcosecz, or otherwise, solve the differential 

equation 
xy” sinx + 2y’(sinz +2 cos x) - (2 008 2 -- αὶ 510 2) y=32. 
36. Solve the differential equation 
xy” + xy’ —9y = Ta4, ἣ 

of which x and “5 +2 are particular solutions. 

37. Find the relation between P and Q if the equation 

y" + Py’ +Qy=0 


has two non-zero solutions one of which is the square of the other. 
Show that this condition is satisfied for the equation 


ay” — (3a? +1) y' + 2aty=0, 
and hence obtain the complete solution. 


38. By factorizing the operator, or otherwise, solve the dif- 
ferential equation 
ψ" —4ay’ + (453 — 2) τε 2. — 32. 
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39. By factorizing the operator, or otherwise, solve the dif- 
ferential equation 


ψ' —2(n—aa-) y’ + (n*? — 2nax) y=e™, 


where 7, ὦ are constants. 
Examine the solution in the special cases a= + 4. 


40. By factorizing the operator in the form 


(75+?) (» το), 


or otherwise, solve the differential equation 
ay” + (+ 4a) y’ + 2(a+1) y= 4" (α +3). 


41. If y"+Q(x)y'+R(x)y= (ξ: -ὦ) (ξ: -τοὴ ῃ, 


find a first-order differential equation, not involving v, satisfied 
by w. 
Apply this to the equation 
y” —y' tanx —2y/(1+sinz)=0, 


and, using the substitution wcos2=z, or otherwise, find a solution 
for ὦ and hence solve completely the given equation. 


42. The equation 

d*y 

oY + Pa) 4 +. Q(z) y= =0 
has solutions cosz and tang. Find the general solution of the 
equation dy 


OY + Pla) + Qa) y= ee 


1+sin?a° 


43. Show that a necessary and sufficient condition for the 


ΕΝ P(x) y” + Q(a)y' + Ra)y 
to be expressible in the form 

4 La)’ + M(x) y}, 
is that P" (a) —Q'(w) + R(x) =0. 


Solve completely the differential equation 
a(1+a)y"—{n+(n—2)a}y' —ny=2"*1, 
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CHAPTER ΧΧῚ 


THE LINEAR DIFFERENTIAL EQUATION 
WITH CONSTANT COEFFICIENTS 


The differential equations which we shall discuss, now and in 
Chapter xxm, are important in many branches of mathematics 
and physics. The form of the equations is obtained from the general 
linear equation (p. 12) by giving P,(x), P,(x), ... constant values. 
The treatment adopted varies in some respects from current 
teaching practice, especially in the details of the two methods 
recommended for calculating ‘particular integrals’. 

When equations occur as often as these, their solution should 
conform to at least two principles: (i) it should follow a standard 
drill, (ii) that drill should rest on a simple logical foundation from 
which it arises naturally. The methods to be given seek to dispel 
the uncertainty which many beginners seem to feel about solutions 
by ‘guessing the form of the answer’, and also to avoid mechanical 
calculations involving operators like (1 — D)-* which are often used 
without any appreciation of the underlying theory. 

There is nothing essentially new in what follows, but the com- 
bination of ‘guessing’ with ‘operation by polynomials only in D’ 
gives a simple drill in which each step almost carries its own 
justification; and the later method based on integrals of the form 


6. [Q(xx) “τ dar 


leads to a ‘calculus’ which enables all particular integrals to be 
found in theory and all the usual ones in practice. 
But first we must deal with the complementary function. 


1. The linear operator for constant coefficients. The given 
equation is 
d d"- dy 
Oe πῆξις τα “τα, ἀπ +0,9=Q(2), 
ΟΣ L(D) y= (a) κα D"*+...+a,,D+a,)y=Q(2), 


where the coefficients a), @,, ...,@,_1,@, are constants. 
The algebraic equation 


L(p) =a p" +a, p""* +... +4, _.p +a, =0 
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is called the AUXILIARY EQUATION of the given equation and its 


roots 
Pr Poa +> Pn 


not necessarily all different, the auxmL1aRY ROOTS; thus 
Lp) =4o(p — Py) (P — P2) --- (P—Pn)- 


For example, the auxiliary equation of 
dy dy dy 


i dai at 12y=5sin 7x 
is p>—p*—8p + 12=0, 
or (p+3)(p—2)?=0, 


and the auxiliary roots are — 3, 2, 2. 

It is familiar from the theory of equations that the auxiliary 
roots are connected with the coefficients in the auxiliary equation 
by means of the formulae 


Py + Pot Pgt + = --αγίαρ, 
P1Po+PyP3t +--+ PoPst ++ = 4,/dp, 
P1P2Ps+P1PoPat +--+ Pi PsPat +++ = — 49/4: 
and so on. Now, by continued operations, 
(D—p,) (D—p2) =D? — (p+ P2) D+ Pi Pa, 
(Ὁ --»") (D —p2) (D— Ps) 
= D8 —(p,+P_+ Ps) 5 + (PP2+PiPst+P2Ps) D— Py PoPs» 


and so on. From the ‘product’ of » such operators, we obtain, 
with the help of the algebraic identities just quoted, the relation 


(Ὁ --» "(Ὁ --»ε) ... (D—Pn) 
= [η.-- {-- αι[αρ) D®-! + (ας[α0) D"-* -- (—a3/a9) θ΄, 


== fa, D" +a, D"-1 +a, D"-* +a," + ...}. 

0 

Thus the operator may be expressed in the ‘factorized’ form 
L(D) y=a)(D—p,) (D—p,) ---(D—Pa) ¥: 
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where it is important to observe that, in this particular case, the 
factors D—p,,D—py,...,D—p,, may be taken in any order without 
affecting the operator. 

For example, 


(D?— D?—8D +12) y=(D+3)(D—2)%y 
=(D—2)?(D+3)y 
=(D—2)(D+3)(D—2)y. 


2. The complementary function.* In accordance with the 
work of the preceding paragraph, the complementary equation is 


αρ(Ὁ —p,) (D—p,) ... (D—p,) y =0. 


Suppose that any one root of the auxiliary equation is denoted by 
the letter p, and that it is a k-fold root. Factorizing the operator in 


such a way that the factors corresponding to p appear last, we 
obtain the equation in the form 


ao(D —p,) ...(D—Pn_x) (D—p)*y=0. 
If we are able to obtain a function y satisfying the relation 
(D—p)*y=0, 
we shall also have as a consequence the relation 
Ao(D — p,) ... (D—Py_4) {((D—p)* y} =O, 


and such a function y will thus be a solution of the complementary 
equation. We therefore begin by considering the equation 


(D—p)*y=0. 
When k=1, this is an ordinary linear equation 
D-p)y=0 


whose solution is y= ae”, This suggests the method of variation of 
parameters, using the substitution 


ψ = zeP®, 
* This paragraph should be read quickly at first in order to reach the sub- 


sequent Illustrations as soon as possible, These should be studied very carefully 
80 as to absorb the ‘drill’, 


3 MIV 
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Observe, as a Lemma, that, if ὦ is any function of z, then 
(Ὁ — p) (we?*) = D(ue?*) — pue?* 
= {u'er* + pue?*} — puer® 
=U'ere, 
so that (D —p) (we?*) = u'eP* 


If, therefore, we give to wu the values z,z’,z”,... in succession, we 
obtain the formulae 


(D—p) (zeP®) =2' en? 
(D—p)? (ze?*) = (Ὁ —p) (2'e??) = 2%” 
(Ὁ —p)? (ze?*) = (Ὁ —p) (2"e?7) =z", 
and soon. Hence (D—>p)* (ze?*)=2ep2, 


The equation (D—p)Fy=0, 
or (D —p)* (ze?) =0, 
is therefore AMeps — 

or Zh) = 0, 


since e?* is not zero. Hence z is an arbitrary polynomial in x of 
degree k —1, and the corresponding contribution to the complementary 


function is y=(A,+Agrt...+A,x*-) ep, 


where A,, Ao, ..., A; are arbitrary constants. 

Repeating this process for the other auxiliary roots, we reach the 
following RULE FOR THE FORMATION OF THE COMPLEMENTARY 
FUNCTION: 

If the auxiliary equation has roots p (repeated a times), q (repeated 
B times), r (repeated y times), ..., where 


at+f+y+...=n 
then the complementary function, with its n arbitrary constants, vs 
(A, +A,v+...+A, Χο ἢ oP? 
+(B,+ Byxt+...+B,x?) ἐπ 
+(Ci+C,r+...+C0,27-*) εἰς 
+ wee. 
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We have proved (pp. 15-16) that the πὶ functions of the type 
wes” occurring in this expression are linearly independent in the 
two cases (i) ~=f=y=...=1, (ii) c=n, P=y=...=0. The other 
cases are more difficult, and we propose to accept the fact of their 
independence without further proof. 


InnustRatTion 1. Jo find the complementary function of the 
equation 


ΑΙ Be 5y=1+2%. 
The auxiliary equation is 
p*+4p—5=0, 
or (p—1)(p+5)=0. 
Hence p=l1, —5, 


and the complementary function is 
Ae* + Be-, 


ILLustRATION 2. ΤῸ day the complementary function of the 
equation 


aay οἷν ἘΝ 20y =e", 
The auxiliary equation is 
| p*+9p + 20=0, 
= (p+4)(p+5)=0. 
Hence p= —4, —5, 
and the complementary function is 
Ae-* + Be-'2, 
InLustration 3. To find the complementary function of the 
yan δὴν ον 
τ θεν Bed -- by =2. 
The auxiliary equation is 
p?—6p?+ 1llp—6=0, 
δὴ (p—1)(p—2)(p—3)=0. 
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Hence p=1, 2,3, 
and the complementary function is 
Ae* + Be* + Ce, 
Intustration 4. ΤῸ find the complementary function of the 
Se, . ee 


Tact ΤΩΣ — 48y = ὅ βίη 3z. 
The auxiliary equation is 
p*—24p* + 64p — 48 =0, 
or (p+6)(p—2)°= 
Hence p= —6, 2, 2,2, 


and the complementary function is 
Ae + (B+ Cx+ Dz?) οἷς, 
InnustRaTIoN 5. ΤῸ find the complementary function of the 
oquahen dty dy 


qt 16y = xe". 
The auxiliary equation is 
pt — 8p? + 16=0, 
or (p—2)?(p+2)?=0. 
Hence p=2, 2, —2, —2, 


and the complementary function is 
(A + Ba) εἴ + (C+ Dax) 6. 5. 


3. The complementary function; complex roots. The 
preceding work is true whether the roots p,, Po, ...,p, are real or 
complex, but alternative forms of expression prove more con- 
venient for the latter. 

It is assumed that the coefficients a», a,,...,@,, in the differential 
equation are all real; then complex roots of the auxiliary equation 
occur in conjugate pairs. Suppose that p,, p, constitute such a pair, 
of the form a+if, «—if respectively, repeated & times. The corre- 
sponding contribution to the complementary function is 


(A, +Agvt... +A,xk-) etiMe + (B+ Bvt... +B, x) “Pe, 
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Consider the terms in a typical power of x, say z/—1. These are 
A,aiteetibe 4 B.ailee-ine, 
or ai—leer {A eth? +. Bre tha}, 
or (Volume τι, p. 179) 
alle {A (cos fz +i sin fx) + B,(cos fx —isin fa)}, 
or alee {(A,+ B;) cos Bu + (tA; —7B;) sin Pz}. 


The constants A,, B; are complex, and may be replaced by the 
complex numbers F;, Q; defined by the relations 


A;+B;=£;, 


Since the constants A,, B; can, in the first instance, have any values, 
so also can P,, Ὁ). 
The contribution from the terms in αὐτὶ then assumes the form 


ai—lee2 {P. cos fx + Q, sin fz}, 
and so the total contribution involving p,=a+1if and p,=a—tf is 
(P,+P,x+...+B,2*) e* cos fa 
+(Q,+Q.¢+...+Q,2*-1) e sin fa. 
When &=1 (which the reader is most likely to need in practice), 
the contribution is απ (A cos Bx + Bain fr). 


When k=1 and a=0, we have the familiar case of ‘harmonic 
motion’, with solution 
A cos fx + Bsin fa. 


The ‘harmonic equation’ itself is of the form 
et =a tn*y=0, 


and the solution y=Acosnz+Bsin nz 


may thus be written down at once. 
It can be verified easily that the general solution of the equation 


oY mty=0 
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may likewise be expressed in the form 
y= A cosh mz + Bsinh mz. 
ILLUSTRATION 6. ΤῸ solve the equation 


4 oY aya 
The auxiliary equation is 
pi + 6p? +9=0, 
or (p?+3)?=0, 
so that p=t./3, 1/3, --ἶὖ 3, —4,/3. 


The solution is therefore 
y=(A+ Bz) cosz./3+(C+Dzx)sinz,/3. 


ILLUSTRATION 7. ΤῸ solve the equation 


oo 444 l3y=0. 
The auxiliary equation is 
p?+4p+ 13=0, 
so that p= —24+31, —2-—31. 


The solution is therefore 


ψ =e~** (A cos 3a + Bsin 32). 


EXAMPLES I 
Solve the following linear differential equations: 


l. y"—3y'+2y=0. 2. 2y" + Sy’ +2y=0. 

3. y"+9y=0. 4, y'V42y”"+y=0. 

5. ψ' + 8y' + 25y=0. 6. y"+y' —y=0. 

7. y”—2y'+17y=0. 8. y” —3y" + 3y'’—y=0. 
9. y” τόν" + 12y’+8y=0. 10. y” + 10y’ + 26y=0. 
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Further examples, if required, may be obtained by equating 

to zero the left-hand sides of nos. 1-19 and 21-49 of Revision 
Examples XVII, pp. 55-57. 


4. A particular integral; rule for ‘normal’ cases. To find 
a particular integral of the equation 


L(D) y = (ag D® +a, D® 1 +...+4,) y=Q(z), 


we must give closer attention than hitherto to the form of the 
function Q(x). It is found by experience that, in most of the ex- 
amples likely to be met at present, Q(x) is a sum of terms consisting 
of the product of one or more of the functions: polynomial, sine 
or cosine, exponential. Remembering that sines and cosines are 
essentially exponential, we may take Q(x) as a sum of terms like 


f(x) εἷς, 


where f(z) is a polynomial and ὃ a complex number, possibly zero. 
It is a simple matter, too, to prove that a particular integral 
corresponding to a sum of terms may be found by adding particular 
integrals corresponding to the individual components of the sum. 

Suppose, then, that f(x) is a polynomial of degree m, and that 
ὃ is a k-fold root of the auxiliary equation L(p)=0. We begin with 
a lemma designed to remove the exponential οὐ from the cal- 
culations. 


Lemma. To prove that, if wis any function of x, then 
L(D) {ue*} =e L(D +b) u, 


where L(D +b), found by replacing D by D+b in L(D), is given by 
the relation 


L(D +b) =a,)(D+b)"+a,(D+6)"7+...+4, 
=a,(D+b—p,)(D+b—p,)...(D+b—p,). 
The proof is by induction; for 
D(we’*) = μ΄ ες + ube 


= εὃς (i + bu) 


Ξε εἴς (D +b) u. 
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Hence D*(ue>*) = De [(D +b) ul} 
=e (D+b)[(D+b)u} 
=e (D+6)* u, 
D* (ue?) = D{e? [(D +b)? u}} 
=e (D+b)[(D+6)*u] 
=e (D+b)P u, 


and so on; and the result follows by simple substitution in the 
polynomial operator L(D). 


Norn. To evaluate L(D +b), in practice, either of the forms 
a)(D +b)" +a,(D+b)* "+... +4, 
or a,(D+b—p,)(D+6b—p,) ...(D+b—p,) 
may be used. The latter has advantages if the auxiliary equation 
has been factorized previously. 


We now proceed to the first step in the calculation of a particular 
integral: 
To prove that if, in the equation 


L(D)y=f(x)e*, 
the function y is written in the form 
y =z", 
then z satisfies the differential equation 
L(D+b)z=f(zx). 
The proof follows from the Lemma; for, by it, 
L(D) κοῦ = οὕς L(D +b) z, 
so that the equation becomes 
et T(D+b)z=f (x) οὕς, 
or L(D +b)z=f(z). 
InLusTRATION 8. ΤῸ reduce the equation 


dy οἷν 2) gaa 
qa 9g, + 20y= (1 Ὁ) εἰ, 
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The equation is 
(D—4)(D-—5) y=(1+2?) e*. 


If y = ze, 
then, by the Lemma, 


e* (D—4+44)(D—5+4)z=(142?) et, 
so that D(D—1)z=1+2%, 


or — —-—=1+2%. 


ILLUSTRATION 9. T'o reduce the equation 


ἀν dx . 
Te - = + 
7χ3 + = + 4y 76 Ὃ 
The equation is (D+ 2)? γτ το 5, 


If y= ger™, 
then, by the Lemma, 


ε 5 (D+2—2)2z=7e-2, 


so that D*z=7, 
or fe =7. 

In this simple case, we can find a particular function z at once 
namely, | 
z= 2.3. 

Thus a particular solution of the given equation is 
y= gare, 


The next &tep is to devise a techni taining i 
que for ob a particular 
integral of the simplified equation : 


L(D +b)z=f(x) 


when f(z) is a given polynomial. To do this, we enunciate, without 
proof, a general rule, but emphasize that, as we have already 
Temarked, the actual process of calculation from that rule will of 
itself form the justification in any particular example. We give 
ἃ Dumber of illustrations to show how the rule may be applied in 
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such a way as to keep the working as economical as possible. (There 
is danger of floundering among linear algebraic equations unless 
the treatment is kept systematic.) 


THE RULE* TO DETERMINE 2. If z satisfies the differential equation 
L(D +b)z=f(e), 
where f(x) is a polynomial of degree m and b is a k-fold root of the 
auxiliary equation L(p)=0, then there exists a particular solution 
z=2'(U, + U,¢+...+U κει 


for suitable values of the constants U,, Up, ..., Uin+r- 

The values of U,, U;, ..., U,,,, are to be found by substituting this 
expression in the function L(D+6)z and identifying the result 
with the given polynomial f(z). 

The Illustrations which follow are of the standard of difficulty 
which the student may expect at this stage, and show how the 
coefficients U,, U;, ..., U,,,, are obtained in practice. 


InLusTRATION 10. ΤῸ find a particular integral of the equation 
dy 
dx 
If ψ-- 26. 
the equation for z, namely, 
L(D+b)z=f(z), 

gives {(D—2)?-—5(D—2)+6}z=72+9, 
or (D?-9D+20)z=7x+9. 


The polynomial 7x+ 9 is of degree 1, and — 2 is a ‘0-ple’ root of 
the auxiliary equation p*—5p+6=0. Hence we seek a particular 
solution (with m=1, k=0) 

Z= x°(U,; + U,2) 


=> U; + U,%. 


ae + 6y =(7x+9)e-*, 


* When k=m=(0, corresponding to the equation 
L(D) y=ae’* (a constant), 
; ' ae>* 
a particular solution y= ΤΩ (Z(b) +0) 
can be written down at once. See the Corollary on pp. 43-4. 
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Since then 2' = U,, 


2" =0, 
we require the identity 


— 9U, + 20(U, + U,z) =72+9, 


or 20U,=7, 

20U,—9U,=9. 
Thus O,=z, Ὀχν δ. 
Hence ἃ particular integral is 


Y= (ἀδὺ + zor) e™. 
ILLUSTRATION 11. 70 find a particular integral of the equation 


αν dy 
aa > 2y = Te". 


If y= ze, 
then the equation L(D +b)z=f(x) gives 
{(D+6b)?-—3(D+6)+2}z=7, 
or {D* + (28 -- 3). - (03 -- 3b + 2)}z=7. 


Tn order to apply the rule, we have to find the value of k; we know 
that m= 0, since 7 is a pure constant. 
(i) If6+1, b+2, then k=0, and so z is of the form 


z=U,, 
and substitution gives at once the relation 


(b?— 3b +2) U, =7, 


7 
or Se δὲ τῷ 
τ b?— 36+ 2’ 
thus i οὐρῇ 
b?-—3b+2 


CororLary. Identical treatment leads in the general case to the 
SUBSIDIARY RULE, which is convenient in practice: 
A particular solution of the equation 


L(D) y=ae"*, 
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where ὃ is NoT a root of the auxiliary equation, vs 


eet 
YT)" 
This rule is very special, but worth remembering because of its 
simplicity. 
(ii) (a) If b=1, then &=1, and so z is of the form 


z=2U,, 


and substitution in the equation 


(D?—D)2U,=7 
gives the relation —U,=7, 
so that 2=—T72x 
and y= — Txe*. 


(f) If b=2, then k=1, and so zis of the form 
2=2U, 
(for fresh U,), and substitution in the equation 
(D?+D)2U,=7 


gives the relation U, =7, 
so that ME 
and y= Tze™, 


ILLUSTRATION 12. Τὸ find a particular integral of the equation 


ae OY 5 oy = 202 + 4+ 13. 

(There is no exponential on the right-hand side, so the pre- 
liminary step of removing it does not arise. Also the polynomial 
2a2+4+42+13 may, for the moment, be regarded in the form 
(2a? 4+ 4¢-+ 13) 69:5, with ὃ interpreted as zero. But 0 is not a root 
of the auxiliary equation, so that k=0 in the rule.) 

Assume the existence of a particular integral in the form 


y=U + Va+ Wa. 
Then y' =V+2Wza, 
μ΄ =2W. 
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This value of y is a solution if (tabulating the summation in a form 
which explains itself) 
2y 2U 2 αὰ +2W2? 
—3y’ | —3V —6W2 
y" 2} 
ΞΞ [() 13 +42 +222 . 


Equate coefficients of x*, z and the constant in turn. Hence 
2W=2, or We=l; 
—6W+2V=4, or V=5; 
| 2W-3V+2U=13, or U=13. 
Hence a particular integral is 
13 + 5a +2%. 
ILLUSTRATION 13. ΤῸ find a particular integral of the equation 


dy οἷν 


If y =ze™*, 
then the equation L(D+6)z=f(x) gives 
{(D + 2)?—3(D + 2) +2}z=32%, 
or (D? + δὴ; - 3.3, 


(This equation may be integrated one stage at once, or the rule 
may be applied directly. We choose the latter alternative, which 
will be found to have definite advantages.) 

Assume the existence of a particular integral in the form (with 


k= 1) 
z=2(U + Va+ W2?) 
= Ux+ Va? + W2'. 
Then z’=U+2Va+3W2?, 


2"=2V+6Wz. 
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This value of z is therefore a solution if 
z| U+2Vx2+3W2? 
Ἢ 2V+6We 
=f (zx) ΝΈΕΣ ae 
Equating coefficients of z*, z, and the constant in turn, we have the 
πον 3W=3, of W= ἷ1 
2V+6W=0, or V=-3; 
U+2V=0, or U= 6. 
Hence a particular integral of the given equation is 
χίθ — 3a + 22”) e*, 
InLustRATION 14. Τὸ find a particular integral of the equation 


ὧν 4%. 194 120i 
Ἐπ 4, } ᾿ῦνΞ 12. sin 32. 


The solution of this equation is the imaginary part of the solution | 


of the corresponding equation in which sin 3x is replaced by εἶσ, 
We thus consider the equation 


d*y dy 
dx? - ‘77 13y = 12axe2@t+802, 


The auxiliary equation is 
p’—4p+13=0, 


or (p —2—3%) (p—2+32)=0, 
so that 2+ 3 is a simple root, and k=1. 
If y =zePtsoe, 
then the equation L(D+6)=f(x) gives 
{0 --2-- 8ὴ + (2+ 3%)} {(D—2+ 8ὴ + (2+3%)}z= 122, 
or (D2 + 61D) z= 122. 
Assume the existence of a particular integral in the form 
z=2(U+ V2) 
= Ux+ Κα. 
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Then z=U+2Vz2, 
2" =2V. 
This value of z is therefore a solution if 
Giz’ | θὲ) - 19:7 
| 5 1:2V 
=f (x) 122. 
Equating coefficients of z and constant, we have 
192) }7 -- 12, or V=-3; 
6&U+2V=0, or U=}. 
Hence a particular integral of the given equation is 
Fae} — ix) e2+802} 
= ΚΖ {χ(} — ix) 655 (cos 32 +7 sin 32z)} 
= xe** (4 sin 82 — x cos 32). 
ILLUSTRATION 15. ΤῸ solve the equation 
oy os OY 4 3y = 96(e+ 1) e*. 


(This Illustration is included to show how the full solution may 
be set out in practice.) 


The auxiliary. equation is 
p?+p*—5p+3=0, 
or (p+3)(p—1)?=0, 
so that p= —3,1,1, 
and the complementary function is 
Ae~** +. (B+ Cx) e*. 
For the particular integral, write 


y = ze". 
Then (using the factorized form of the operator) 
(D+3+1)(D—14+1)?z=96(x+ 1), 
or (D? + 4D?) z= 96(5. 1). 
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Assume the existence of a particular integral in the form 


2=27(U + Va) 
= Uz? + Vai. 
Then 2’ =2U2+3V24, 
2"=2U +6Vz2, 
χ" -- 6). 
This value of z is therefore a solution if 
42” | 8U+24V2 
[5] ἐν 
=f(x) | 96 +96a. 


Equating coefficients of z, constant, in turn, we have the equations 
24V=96, or V=4; 
8U+24=96, or U=9, 
Hence the solution of the given equation is 
y = Ae** + (B+ Ca) e* + xe" (9 + 42). 
For Examples on the work of §4, see Revision Examples XVII, 


nos. 1-49 (pp. 55-57). Where particular conditions are given, work 


out the general solution first. 


5. Simultaneous differential equations. Without going into 
great detail, we give illustrations to indicate the process of solving 
two given linear differential equations with constant coefficients. 
The first method is of limited application, but we begin with it in 
order to emphasize the advantages of not turning blindly to the 
more routine procedure of the second until alternatives have been 
considered. 


ILLUSTRATION 16. To solve the simultaneous linear equations 


0 Ὁ 


ὅτ» + 4x + 48y = 102", 


po + 8e— — ἐν = δέ. 
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(The method which follows is applicable when the two equations 
involve only onzE of the operators d/dt, d?/dé?, d°/dt®, ....) 
Multiply the second equation by A and add to the first. Then 


57% 
ὅπ 


Choose A so that the coefficients οὗ d*a/dt? and d*y/dé? are propor- 
tional to those of x and y; thus 


δ 44+8A 
5A 48—4)’ 


1 142A 
a faa 


Hence 2A2+A=12-A, 
or A2+A-—6=0, 


so that A=2 or -3. 
(i) Take A=2; then 


τς Ὁ ὅλ TY + (448A) τ (48- — 4A) y= 10e! + δλέ, 


or 


(Gat ἘΣ +274) + 20(x-+ 2y) = 106’ + 10. 


di? 
Writing 2+ 2y=u, 
we have oe + dum De + 2, 


Using methods with which the reader is now familiar, we have 
u=A cos 2t+ Bsin 2t+2e'+ ht. 
(ii) Take A= —3; then 


(τς -353)- — 20(a — By) = 1l0et— 1δέ, 


dt = dé* 
Writing x—3y=v, 
we have oe — 4y = 26! — 3t, 
80 that v= Pe + Qe-% — Ze! + 34, 


(Note, as a trivial point, that we have avoided the letters C, D 
for arbitrary constants so that no confusion may arise with the use 
of D as an operator.) 


+ MIV 
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We have therefore reached the equations 
x+2y=A cos 2¢+ Bsin 2¢ + Ze + tt, 
2 — ὃν = Pe + Qe-* — Ze! + 34, 
which, when solved for x, y, give the result 
2=2A cos 2t+2Bsin 2t+ 2Pe* + 2Qe-*% —Ae!+ ὃς, 
y=+A cos 2¢++B sin 2t —+Pe* —1Qe-* + 28 e! — At. 
ILLUSTRATION 17. 70 solve the simultaneous linear equations 


dx 
δ t 4a + 48y = 100", 


d 
5 ot + ee 4y = δί. 


(These are the equations solved in the preceding Illustration. 
The procedure is more general, and can be applied to most of the 
equations likely to be met.) 

In terms of the operator D, the equations are 

(5D? + 4) a+ 48y = 10εἰ, 

8a + (6195 — 4) y=5t. 
The method is very similar to that used for solving ordinary alge- 
braic equations, save that we eliminate by operators and not by 
multiplication: 

Eliminate y by operating on the first equation by 5105 -- 4 and the 
second by 48 (in this particular case a numerical multiplier only) 
and subtracting. Thus 

{(5D* — 4) (5D® +4) —48,8}"=10(5D*— 4) εἰ — 48. δέ, 
or (25D* — 400) x = 10e — 2408, 


or (D4 — 16) a= Ξε! — 434. 
Following the normal rules, we have the solution 
a= A cos 2¢ + Bsin 2t+ Pe™ + Qe-# — Pe! + 3. 


Two courses are now possible, and we illustrate each in turn: 
(i) Eliminate z by operating on the second equation by (5D? + 4) 
and the first by 8 and subtracting. Thus 


{(5D? +4) (5D? —4)—8.48} y= (5D? + 4) 5t—8. 10εἰ, 
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otitis (25D*~ 400) y= 20t— 80εἰ, 
or (D* — 16) y= 44 —4 Se. 


Hence y=A'cos 2t+ B’sin 2t+ P’e*+ Q’e-*— At + 16d. 


This solution involves eight arbitrary constants, and we cannot 
be sure without further investigation that they are independent. 
It is necessary when using this method to check the proposed values 
in one of the given equations: 

Substituting in the first of the given equations, we obtain the 
relation 


5(—4A cos 2¢—4B sin 2t+ 4Pe*% + 4Qe-# — 2 et) 
+4( A cos2t+ Bsin2¢+ Pet#+ Qe-#—Zet+ 3t) 
+48( A’cos2#+ B’sin2¢+P’e*+ Q’e-*+18et— Jt) =10e!. 


Equating the coefficients of cos 2t, sin 2f, οἷ, e-“ in turn (and 
checking that the other terms cancel automatically) we have 


—164 +48A’=0, 
—16B+48B’=0, 
24P+48P’=0, 
240 +48Q’=0, 
sothat A’=}A, B’=}3B, P’=-}P, 6’ ---- 10. 
The solution is thus 
a= Acos2t+ Bsin2t+ Pe*+ Qe-*—Z t+ 3t, 
y = $A cos 2¢+ 4B sin 2t —$Pe*—IiQe-# 4 18et_ 11. 


(ii) The value of y may be obtained directly from the first of the 
given equations. (But this method, again, is limited in scope to 
€quations for which such a solution is possible.) Thus, from the 
first of the given equations, 


48y = — 5(—4A cos 2t—4Bsin 2t + 4Pe*% + 4Qe-% — 2 et) 
—4( Acos2t+ Bsin2%+ Pe*+ Qe-*— Ae! + 3t) 


+ 10; 
80 that 


y =}A cos 2¢ + $Bsin 2t— }Pe%—4Qe-%# +. Loe Lt. 
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Norsz. We might have anticipated that the number of arbitrary 
constants would be four, as the two second-order differential 
coefficients d2x/dt®, d*y/dé® had to be ‘integrated’ in the process of 
solution. We managed to reduce the number from the initial eight 
to four by substitution in the first of the given equations; we might 
equally well have used the second, or, if necessary, both. 

For Examples on the work of § 5, see Revision Examples XVII, 
nos. 50-65 (pp. 57-59). 


6. The Euler linear equation. Closely allied to the linear 

differential equation with constant coefficients is the equation 
d a*—- 
ayo" + a2" = 

where ἀρ; (1; ...,@pn_1, %, are constants. 

One or two methods of solution are available, but reduction to the 
‘constant coefficients’ type will probably be found as useful as 
any. For this we make the substitution 


d 
+... Ἐας γα ας, ν-- ρ(), 


z=el, 
dy ,d’y : dy d*y 
and then seek to express ea” dae? as functions of ay ΩΣ 
By direct differentiation, we have the relation 
dy ὧν ἀπ dy 
dt dxdt dz 
ἂν ὦ ( ἄνλᾶς (δνδἷν ἂν 
any Bz ("2) a | tg? 
d*y dy 
ne cee 
ie eRe πὸ 


For equations of the second order, such as are most common at 
this stage, this analysis suffices, and we have the identities 
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reducing the given equation 


aya 4 40,292 + a,y=Q(2) 


to the form ἜΝ (a, — a9) 4 + ay =Q(e), 


with which we have already learned to deal. 
For equations of higher order, we may establish the more 


general formula: 
If D is written for the operation d/dt, then 
a"Y = D(D—1)(D 


This is easily verified by induction. For 
d (dy ἀρεῖς _, Uy) dx 
ai?" τὴ = (aera) a 


dPtly dPy 
deri + PY Gap’ 


= gPtl 
since ἀκ ἀξ τε εἰ =x. Hence 


+1 
gPtl dP Y = D(2 a) - (2 i) 


=(D—p) ( 1" 
If we assume the formula to be true for any definite value p, then 


dp+ 
14 =(D—p) D(D— 1)...(D—p+l)y 

= D(D—-1)...(D—p+1)(D-p)y, 
and so it is true for p+1. But we have proved it for p= 1; hence it 
holds for p= 2, 3, 4, ..., and so generally. 


ILLUSTRATION 18. Τὸ solve the equation 


apt 


αν, ὧν 
ὃ — 24 —— = 
Sie qn t 2 log zx. 
Substitute 4, τὰ οἷ, 
ἂψ _d 
Then ta db? 
Letty 0 oly ἐν 
dz* αἱ dt’ 
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i | and the equation becomes 
REVISION EXAMPLES XVII 


Solve the differential equations: 
" ὧν 


The solution of the equation in ¢ is 


y = Ae + Be* +¢ +3, Τῷ ἦν + 13y= =sin 37, where y=0 when x=0 and ἐπ. 


dx 


Ἱ where A, B are arbitrary constants. Hence the solution of the dy | 

iven equation is 2. SY 4 2y = 2e-®, 
Ε δὶ q y = Ax + Bu? +loga +3. dat * Ἔ: 
i Auiter. The followi i i i 

wing alternative solution gives another d*y » dy 
| example of the method of Variation of Parameters. 4 da? * δ dx zt Sy em nS ὑπ qe as 

| The equation d2y d 

υ αΣ 
x ia 2y = 0 4. a n®y = ena, δ. oi + + 5y= = e-22. 

aii may be expected to have a solution of the form dy | dy dy 
ἢ 6. = 
| | acter. ὙΦ, t= sin x, where y= =0, *= 1 when z=0. 
ἢ for then ‘=naa"—, y"=n(n—1)ax"-%, d 
ΕΥ̓ ᾿ y Y ( ) : iP oY 4 y=2coste, where y= =0, Y-0 when x= =, 


ἢ and substitution gives the relation 
| i n(n — 1) ax" — 2nax” + 2ax”" = 0, 
or (n? —3n+ 2) ax” =0. 


This is satisfied when n= 1 or n=2. 
| f Taking n= 1, consider the solution y=az. Make the substitution 


d ; d 
8. 74 4 4 + by —sin 22. 9. τ 4s ty = 2 cos* x. 
10. ἦν 


5H + y= =e*(x+1), where y= cows 0. 


dx 
Y=2e 
in the given equation. Then 

y=Z2+2, y" =2"x+22', 


d’y dy 
11, ΤᾺ 
l. τὰ θηρὺ 10y=20-e 


oY +6 dy 
12. 9y = Bt {8 
and the equation becomes + 27x, where y= Ls 0 when z=0. 


| (χ" 3 + 22a?) — 2(z'x? + zx) + 22a = 2 log x, 
or 2” = 22-4 log x. 
Hence 2’=—2~*logr+ fa .x1dz + constant 
= —x~*logr—42*+A, 
so that z=2-'loga— a τάχ a+ Ax + constant 


μά d*y dy : 
13. i Tat t dg 7 2Y = 12 sin 22 — ἀα, where y=2, —= 


d 
τς —4 when z=0. 


d d 
14. 454g an Sy = One®. 


=x loga+ fa1+Ax+B. dy dy ἂν 
15. +2—"+2y=5sin2, wh oF " 
Thus y =za=logxz+3+Az*+ Ba. ee a ere y= 0, τ 0 when =0. 
For Examples on the work of §6, see Revision Examples XVII, 16. oY yas sae ΄ ἀπε, ἂν 5 sy netecina, 


nos. 66-72 (p. 59). 
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18. ous 


oY 5 oy = sinz, where y= 1, Ὁ = 0 when 2=0. 


da 
TY , gy oy 
19. qatsa. "πε, where y= aoe 0 when x=0. 


20. το —n*(x—4ft*), where 2=a, “= 0 when t= 0. 


d*x dx 
21. =, +2k= di 


de +n®x=0 (n>k), where x= 4, at when t= 0. 


dt 


22. = - κα =e-*, where y= 0 when ὦ: ΞΞ 0, and where y is positive 


for all other values of x (positive or negative). 
93, FY 4 οἷν 


sates 


Fat +y=e-sin®z, 


ὧν ιν 
24. a at Y= =2? + cos 22. 


oy + dy _ 
25. λον y= =sin x, where y= 0, 2 =0 when x= = (. 
d*y dy 
26. 7a t Y= sina, where y= 0, 2 =0 when ¢= = 0), 
ὧν ἂν... dy 
27. Ta 37+ 2y =e, where y= 3, "ἢ 3 when z=0. 
28. = —y=1, where y=0 when x=0 and where y tends to a 
finite limit as ὦ --Ὁ -- oo. 
29. =a ay Fe y=0. 30. or 425 + Mem δίῃ At 
31. τῶν: ἜΣ: given that y=1 when x=0, and that 
ὐ Ate 
ἂν ὧν 
32. a =2. 33. ot A 44 3y= sin 2. 
34, τὰς oY μος 1+sinz cos Ζ. 
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35, UY dy 


36. rs ΒΡ. 29 + oy= zeit, 


Ἶ πὶ 7G t By Ξοοβα. 
37. oy δον 6y= 5(sin z— cos 2). 
dy * d’y dy 
38. asta are, 39. dit 3g, ete. 


40. aa oY 5 ay = =e, 


41, ie sitesi given that y=2 when x=0, and 
that y=0 when x=}. 

42, oY + y=cosz. 43. ΤΥ νον + 6y τ ε- 5 sin 25. 

44͵ τῆς 2 y= =2sin x + cos? x. 

45. Το 2b ey mates, 46. oY + at Y — 4x cosas. 


47. <4 ἐὺς 192+ 20y = χοῦ + 26. 45 sin x, 


48, © + 4y = 82 008 32} 28in 36, 
a9, TY_ at ΟΡ PE ee 


Solve the simultaneous differential equations: 


dx dy 
50. at a 


dx dy 
a dt + 3y = θέ — 3, 
where x=0, y=0 when ¢=0. Show that x= 2e-!~—1 when t=1 and 
find the corresponding value of y. 
_ dx dy dz 


- —_ y 
—2 


where x =0, y=0 when t=0. 


+ 8. = 3t+ 3, 
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da dy 4 i dx ὧδ Ἢ 
δ2. τι Ὁ 393-908, at? t, 61. qe Ye 27a ge tate 
dx dx ἂν 
dz =o SES - ΞΞ -:-- Ξ -- 
a te—y=0, where x di dB 0, 6 when ¢=0 
d*x d*y ; d*x 
where 2 =1, y=4, z=1 when t=0. 62. det gq ov ty=sinht, qe Y= τε βίη (f ,/3). 
dx « ere dx ἂν 
δ5; ete ἘγΌθΗ ", asa 63. ἐν. οἷν —2y +3a=0, ἀξ ὧν 64 y= «ἢ 
dx 
where x= 1, = 8 when t= =0. where y= — 12, 2=7, Y=0 when t=0. 
a. ae dix pes δὲ, Seow, oS ae 
δ4. tats ty=t, qt Set 2a +y=3t d@ dé de at’! 
x dy dy dx 
a ἫΝ dt ** dt — 
where x=1, y=0 when ¢=0. Solve the differential equations: 
dx : d | dy dy ἀν 
56. = —ay=sinat (a+0), <7 +a = cos at, 66. oY oY yan, 67. αὐ τος WaT + ty =a. 
where «Ξε ἄρ; ¥=Y) when ¢=0. 68. 22 gtd ists 
dx εἰν da 
57. 5. +-~+2x=4 cost, 3— +y=8tcost, 
di * dt u. 69. 2 γὴν an! + 12y =2-Slogx +252. 
where x= 1, %=0 when t= =0. = ty a sy “- 
ἄν ΠΣ ἢ 
dz dx dy on dx dy 
ate fan en — — 3y= Se cas YF chs a oe Dior ne 
58. sath et tyete, δίς v=, Ἴ1. x Penns 
de? dx 
dx 
where = 0, τ =0, y=4 when t=0. 72. TY ot T4 γον gy 725 
αν ἃ οἷν 
59. 2-3 2a, ρα Β΄ 
dx* _ ae dx Solve the simultaneous differential equations: 
| oh ae ¥ dx dz εἷν dy ἀκ 
where y=1, τ“ =}, z= --τ when z=0. 73. tat ats =], ti — dt + Tx + 2y τὶ. 
d*y dx . dy d*x dy d*y 
60. OY 2 = dy — 30-1, τ 2 ga τὺ ὸν--ὃ. 74 C aA uty t eat ——g7=[2 
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75. Show that, provided p? > 4q, the differential equation 


d*y . ΜΗ͂ΝΒ 
αὐ (ΡΈΕΙ), +qy=0 


has, for z>0, two distinct solutions of the form y=2*, where c is 
real. Hence write down the general solution. 
Find the solution of the equation 


where y= 1 when a= 1, and where y>0 as x00. 


76. Transform the equation 


WY ὦ δ y= 
va ( 3z)7ty¥=0 


by putting 7=1/t, y= ute. 


Hence, or otherwise, find a solution which remains finite when 


x tends to infinity 
77. If f(x) =¢(x) cosx+ p(x) sina, 
g(x) = W(x) cosa — $(x) sina, 
where (zx), y(x) are differentiable functions, express ¢’(x), y’(z) 


in terms of f(x), f'(x), g(x), σ΄ (α). 
Deduce that every function satisfying the relation 


7)- —f(z) 
throughout a range a<2<b is (in that range) of the form 
Leosx+W sing, 


where L, M are constants. 
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CHAPTER XXII 


THE LINEAR DIFFERENTIAL EQUATION 
WITH CONSTANT COEFFICIENTS; 
ALTERNATIVE METHOD 


1. The linear equation of the first order. We begin by 
retracing the argument to consider the equation 


rd ΜΝ" Q(z), 


where p is constant and Q(x) is a function of x only. Multiplying 
by e- as an integrating factor, we obtain the equation in the form 


ered _ neve y (γε, 


or £ (yeP2) = Q(x) e-P*, 


If we integrate from an arbitrary lower limit a, and denote the 
current variable of integration by the letter ¢, we obtain a solution 
of the equation in the form (compare Volume 1, p. 85) 


[ were] - [οὐ ει, 


or er e-Pt — γ(α) evan" Q(t) e-?' dé. 


Hence y(x) = y(a) eP@-2) + Ϊ i Q(t) eP@— dt, 


where, it will be remembered, x is constant for the purposes of the 
integration on the right-hand side. 

Since the constant a is arbitrary, this solution is exhibited in 
standard form with y(a) nea) 


as complementary function and 


| “aw ene) df 


as particular integral. We have found on the way the special solu- 
tion which arises if y has a given value y(a@) when #=a. 
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In particular, the solution which satisfies the condition 


y=0 when x=a 

ὡ a | * Q(t) ere dt. 
The usefulness of this sien of solution depends on our ability 
to produce a ‘calculus’ for the function | “) eP@—) dt as con- 


venient to manipulate as the alternatives given in the preceding 
chapter. This will appear later, but we first extend the result to 
equations of higher order. 


ILLUSTRATION 1. 7'0 solve the equation 


dy 4 ely 
ἂν - 2y =e’ sin ἃ, 
given that y=3 when x= ἐπ. 

The equation is 


Integrate from 47 to x, and denote the current variable of integra- 
tion by the letter ¢. Then 


[nee] -[-om 


or y(x) e~** — 3e-7 = — cosa, 


so that y = 3e**-" — e** cos 2. 


2. The linear equation of the second order; auxiliary 
roots unequal. If p,q are the roots of the auxiliary equation, 
then the given equation can be expressed in the form 


oY _ (p+.q) 54 + pay =Q(2) 


We assume that 7, g are unequal. It is also supposed that the values — 


of y, y’ are known when z has the value a; say 
y=, y'=y; when zr=a. 
The given equation is equivalent to 
(D—p) (D—9)y=Q(@), 


and, if we write (D—q)y=4u, 
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then the function u(z) satisfies the linear equation 


a 


dz pu= Q(z). 


Hence, by the preceding paragraph, 
u(x) = u(a) ePe- + Ἢ Q(t) e?@— dt 


on taking as the lower limit of integration the value a, for which 
y, y’ are known. Since 


ἘΝ ψ(α) τε ψ' (α) -- γ(α), 
this solution is 


uu(2t) = (yf — gy) e+ | * Q(t) erat, 
a 
Thus, by definition of u(z), 
y’ — gy = (yy — ανι) ερ τῷ + | Q(t) er dé. 
a 


The whole argument may be repeated with the roles of p, q 
interchanged, and this leads to the relation 


x 
γ΄ —py=(vi—py,) 42-0 + |" Qt) erat 
a 
The value of y is obtained at once by subtracting these two 
equations and then dividing by p—gq, which is not zero. 
In particular, the solution which satisfies the conditions 


y=0, y'=0 when xz=a 
ἷ ἮΡΙ 4 —t adi. oe 
ta ᾿ [oer dt + —— |" Q(eyere-oa 
1 z 
= — —t) —t) 
τας | re, OU. 


CoroLLaRY. Since we know in any case that the complementary 
function is 
AePt + Bet, 


the general solution of the given equation may be expressed in the 
form (with lower limit zero for the particular integral) 


y = Aer + Bewe too | “(re — ματι Q(t) dt. 
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ILLUSTRATION 2. ΤῸ solve the differential equation 


6s ey aise 


given that y=1, y’ =2 when x=0. 
We follow the details of the solution given in the text. A more 
condensed treatment will be given in the next illustration. 


The auxiliary equation is 
—5p+6=0, 
with roots 2 and 3, and the given equation is 
(Ὁ -- 3) (Ὁ -- ϑ)γ Ξε χοῦ. 


Write (D—3)y=u; 
then the given equation is 
(D—2)u=ze?*, 


Zz 
and the solution is u=w,)e*” +| te! er dt 
0 


x 
ΤΩΙ te αἱ 
0 


auger +e%[ τὰ +e]. 
0 
Hence =—s yy" — By = (yp — By) e™* - 65: {—(1+x)e7+]} 
= (2—3)e%*—(1+2)e7+e* 
in virtue of the given conditions, It follows that 
— 3y= —(1+2) e*. 


(This equation may now be integrated by the same method; but, 
to illustrate the text, we make a fresh start.) 


Next write (D—2)y=v; 
then the given equation is 
(D—3)v=ze*, 
and the solution is 


z 
v=vye+ | te! ee) dt 
0 


z 
=U) 655 + | te-* dt 
0 


=e ἐπ —4 + 2t) raf 
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Hence =’ — 2y=(y, — 2yo) e** + 8 { —}(1+ 2x) e+} 
= (2 — 2) e8*— }(1 + 2x) 65 + Le 
=je¥—}(1+ 3.) 65. 


Subtracting the equation for y’—3y from the equation for 
y’ — 2y, we obtain the required solution 


y = te8* —3(1 + 2a) 65- (1+2) 6ζ 
= }e% + 4(3 + 21) 65. 
ILLUSTRATION 3. ΤῸ solve the differential equation 


LL a ΨΈΨΑ 
τ 3g, + 2y = ϑαδεῖς, 


This equation was solved on p. 45, and the two methods should 
be compared. 
Taking p = 2, g=1 in the formula 


aeieed Eats 
y= |, (e029). Q(t) at, 


we obtain the particular integral 
y= Ϊ ” (ete) — ole} 376% dt 
0 


z xr 
no "nate [see 


= εἰς Gi —¢ cae — 6t +6) 4 


= ye" — (8.3 — 6a + 6) e* + θεοῦ 
= (x? — 322+ θα — 6) e% + 6e?. 
The general solution, on absorbing the terms —6e* and + 6e* 
into the arbitrary constants of the complementary function, is 
y = Ae* + Be® + (a — 3x? + θα) ce, 
Iniustration 4. 70 solve the differential equation 
sew ff πα πὶ 


under the conditions 
y=y=0 when x=-1. 
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This is the usual form of wording for such problems. It is implicit 
that y and y’ are to be regarded as continuous functions, but note 
that y” does not then exist at the actual ‘break’ since its values are 
different for approach along x<1 andz>l. 

Taking p= 2, g=1, we have the solution 


y -[ {ere om ef2—D} O(t) dt, 
—1 


3 when z<\l, 


— Q= , when z>l. 


When 2 < 1, the solution is 


Yecr=| See — edt, 
.ἢ 


since Ο() Ξε 8 in that range. Hence 


z z 
por eT oT, 


= — Set (e-2* — e?) + 3e* (e-* -- 6) 
= ZeXr+)) — Beet) + ὃ, 
When 2 > 1, we must split up the interval of integration; thus 


Fide Ϊ * 3fe2e) — efe-O} dt 4.7 | * (ue — ele} dt 
-1 1 


τ ΕΠ ΤΉ 
= -- ϑοξτ(ε-3 -- e?) + 865 (e-! — e) —fe™ (e-** -- e-*) + Te* (e-* —e-*) 
=e" (2.3 + 863) — et (4e-1 + 836) + ζ. 


Notr. The method which we are elaborating is particularly 
useful when Q(z) has the form exhibited in this illustration. It 
may be helpful to give a solution by the earlier method also. 

When x < 1, the solution assumes the form 


y = Ae* + Be* +3, 

where, from the condition ‘y=y’=0 when z= —1’, 
0 = Ae-* + Be! + 3, 
0=2Ae*+ Be. 
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Hence Ae*=%, Be =-—3, 
so that y = $e? e®* — 3ee7+ ὃ 


= βοϑί 1). Zoler+D + ἃ 
When z > 1, the solution is 
y = Pe + Qe™ +3, 


where the arbitrary constants may be expected to be different 
from those for the case x < 1. 

In order to find P and Q, observe that, since (p. 66) the functions 
y and y’ are to be taken as continuous, 


Pe? + Qe += et —3e? +3, 
2Pe?+Qe =3et—3e?. 
Subtracting, we have 


Ρε--ἰ λοι -ἢ, 
ΟΥ̓ P=$e? + 2e-%, 
Hence Q= —(3e+4e-1), 


The solution for x > 1 is therefore 


y = ($e" + 2e-*) e% — (Be + 4e-1) eF εἴ 


3. The linear equation of the second order; auxiliary 
roots complex. Ifthe given equation is 


0554 +0, 94 + ayy =Q(2), 


the auxiliary equation is 
Ay p* +a,p +a, =0, 


and we suppose that the auxiliary roots are the complex numbers 
“+7, where 
= a ας a, 


a+ f= α{[αρ. 
A particular solution, namely, that for which 


y=0, y’=0 when z=a, 
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is, by the preceding paragraph, 
ἘΠ: | * {elarifat) — la—iprie) Q(t) dt 
2B) 


1 f= 
=— --ἢ οἱ -- Ξ 
ζω sin βία —t) Q(t) dt 


CoroLLaRy. The solution of the equation 


en 
τοῦ MY = Oe) 
_ which satisfies the conditions 
y=0, y'=0 when z=a, 
is y= 5, | sinn(e—1) Qa, 
Na 


4. The linear equation of the second order; auxiliary roots 
equal. When the roots of the auxiliary equation are equal, the 
given equation can be expressed in the form 


BY 99 5 ty 
dx? pT t Py = Q(z). 
We suppose, as before, that a particular solution is sought for 


= y=0, y’=0 when wv=a, 


Writing (D—p)y=4, 
we have the equation (D—p)u=Q(z), 


so that “= Ϊ * Q(t) ere dt. 
a 
The equation for y is therefore 
(D we 7= R(x), 
wien R(x) = Ϊ “φ(ὃ ere dt, 
and so y= [RQ ερα-Ὃ dt 
a 


== eve | * Rit) e-P' dt. 
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In order to obtain a more convenient form, not involving 
repeated integration, we integrate by parts the expression 


[πῶ o> dt, 


giving | eR ial I - | “{R'(t) e~P! — » R(t) ες. Ῥὴ dt. 
But Rit) .« Ο(Θὴ ert dé 
t 
= pt -Ὁ9 
so that i Ϊ Bid I wes 
(i) R(a)=0, ᾿ 
(i) B®) τερον | Q(0) 7d + 0% Qt) e-™ 
Hence ᾿ R(t) e-?' dt τε xR(x) 6.Ῥ.- Ϊ ; t Q(t) e-P* dt 
= xe? " Q(t) ene dt — | "£Q(t) edt 
= ΙΝ (x —t) Q(t) eP*' dt. 
We therefore have the particular integral in the simple form 
ν- [τὸ Q(t) ere dt. 
ILLUSTRATION 5. 70 solve the differential equation 


The particular solution such that 
y=0, y’=0 when z=0 


is y -[ 12(a —t) t?e* ρβα -ὸ dt 
0 
=o" 12(at® — (8) dt 
0 
=e dat 8." 
0 
= xter, 


Hence the general solution is 
y = (A+ Ba) ce + xe, 
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5. The evaluation of Ϊ 8 Q(t) ορ στὸ dt. If the method indi- 


cated in this chapter is to be helpful, means must be found for the 
ready evaluation of the expression 


Ϊ * Q(t) edt. 

a 

The integral is capable of any degree of complexity according to 
the form of Q(x) and, in the last resort, its evaluation must follow 
the customary processes for definite integration. In normal cases, 
however, when Q(é) is of the type studied in the preceding chapter, 
the work is relatively easy. 

If Q(t) is an exponential, or reducible to exponential form (as for 
sines and cosines), the integration is immediate. There is also a 
simple rule which is convenient when Q(t) is a polynomial, possibly 
residual to an exponential function; say 

Q(=e#f(), , 
where f(t) is a polynomial of degree m. We have then to evaluate 
Ϊ * ok F(t) ere dt, 
a 
or ep | ; f(t) dt. 
a 
Consider, then, the expression 


[seta (r=k—p). 


By continued integration by parts, we have 


[ας Πκ]- [ηνα 
ΣῊΝ 


ἀντ ἀν υ λαα 
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and so on. The process ultimately stops, since f“+ vanishes 
identically, so that 


[isetarm2ee (a) FO) FO. 4 (-p EO) 
-ξσίκω- 22) A) (— a 

Hence the expression Ϊ “ Q(t) ert=—) dt may be found from the formula 

| ” Q(t) erat = I * elt f(t) ote dt 

πὸ ie ποι on eet (=) | 


--ξοροια φο[ fa) fe) A eee +(-—)" i, 


where r=k—p. 
ILLUSTRATION 6. 70 solve the equation 
ἀν dy 
Tay ae + 6y = ate, 
given that y=0, y=0 when x=0. 


The solution is | * fee) — 622) te dt, 
0 


zx : 
For | Ἷ οϑα-βρϑι dt, we have p=3, k=2, so that its value is 


423 12a? 24x 24 
we I tah te hie 
° {= (=1) *(-1 pt 
i hh | 4.05 12.0? 24.0 24 
(Oa east ae 
or - εξ (a4 + 4a3 + 1272+ 24a + 24) + 248%, 


The value of [ e%X2—) t4e% dt may be obtained directly, namely, 


em [dt = χα 
0 
In all, then, 
y= —e% (La + at 4 43 + 120? + 945. 24) + 2403, 
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Nors. We have confined ourselves to equations of the second 
order, but the work can be extended if desired. The algebraic 
manipulations have to be varied at some points in the extensions. 


EXAMPLES I 


Any of the second-order equations given in the preceding chapter 
may be solved by these methods. The examples which follow are 
directed more specifically towards this form of solution. 


1. Prove that the solution of the differential equation 


2 +ay=f(x) (a constant), 


which vanishes at «= 0, is 
ἘΠ Ϊ Κα dt. 


Illustrate this result by considering the case in which a= 2 and 


0 (x< 1), 
f(x)=,2-1 (l<a<2), 
1 (2 « “). 


2. Verify by substitution, or otherwise, that 


|, (erase) fey 


y= ὯΝ ὦ» = 
is the solution of 


oY +(a+b) μα +aby=f(x) (a, ὃ unequal constants), 


for which y=0, a0 when «=0. 


Deduce that the solution of 
#4411 + 30y=f(e), 


τῶν κως @sz5D 
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dy 
that satisfies y= =0, ¢= = 0 when z=0 is given by 


for values of x greater than 1. 


3. Solve the differential equation 
ἐς 2a SY + aty = 1 (a constant, a+0), 


d 
where y=a=0 when ¢=0. Show that the maximum value of ἐν 


occurs when ¢= 1/a. 
Two functions f(t), φ(ἐ) are connected by the equation 


μα: 2a 4 αϑ [Ξε φ. 
If 0 (¢<0), 
φ() τὴ 1 (0<t<t), 
0 (t>t), 
and f and 4 are zero for ἐς 0 and are continuous at the discon- 


tinuities of ¢, show that, for ¢>t,, 
enat 
f(t)=—-{em% (1 +at — at.) — (1 +-at)}. 
4. Verify that, if the function f(x) is continuous for z> 0, then 


zx 
y=["w-Herfiyd (e>0) 
is the solution of the equation 
dy οἷ 


dz? “dz +y =f (z), 
for which y= 0, oy 0 when x=1. 
Find the solution of the gry 
d*y 
ἜΣ << τῳ ΑΕ xy =e", 


Valid for z>0, for which y=0, wy 0 when z=1. 
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μη. 
5. If i) f(t) sin πίω -- ἢ dt, 
nJ0 
where 7 is constant, verify that 
oY nty=f(a), 


and that y= =o when στοῦ. 
Hence, or otherwise, find the solution of the differential equation 


d*y 


ee laa la 


such that y=a, wb when x=0. 


6. The electron-density NW in a certain ionized gas varies with 
time ¢ in accordance with the equation 


dN 


ae 1555}, 
where «=A/t for ¢> 0, and where 
= a —t) t<T 
t>T, 


A, μ, T being real positive constants. If VY =0 when t=0, evaluate 
N for ἐξ 1, and show that when t> 7 the electron-density is 


brats ἐπλ 
(λ- 3)(λ- 3) 


7. The electric current J through a coil of resistance R and 
inductance L satisfies the differential equation 


dl 


where V is the potential difference between the two ends of the 
coil. A potential difference V =a sin wt is applied to the coil from the 
time t= 0 to the time t=7/w, where a and w are positive constants. 
The current is zero at t=0, and V is zero after t=7/w. Calculate 
the current at any time, both before and after t=7/w. 


SECTION 2 


THE DEFINITION OF FUNCTIONS BY 
INFINITE SERIES AND INTEGRALS 


The functions which we have already met may be summarized 
briefly. They are the powers of x and combinations of them such 
as polynomials and rational functions, the trigonometric functions, 
the logarithmic and exponential functions, and the hyperbolic 
functions. 

The list is substantial, but it forms only a beginning, and many 
other functions remain for our attention. The work of this section 
is directed towards the setting-up of certain basic techniques which 
enable necessary extensions to be made. The question that we pose 
is less ‘What particular functions are there at my disposal?’ than 
“How can I set about to find such functions when I need them?’ 
The results are all well established, and it is hoped that the pre- 
sentation will enable the student to see some ways of extending 
his mathematical vocabulary while at the same time absorbing 
standard information. 

The plan of these four volumes has been to present Calculus in 
the spirit of Analysis, but without detailed examination of the 
properties which belong essentially to the latter. It is natural that 
analytical ideas should become increasingly pressing as we approach 
the later stages, and it seems wise to insert a section now on 
convergence and similar topics lest the processes which form our 
main theme later should be treated on a purely mechanical basis. 
As in the book as a whole, however, so here also we shall try to 
clarify the guiding principles rather than to establish the wealth 
of detail which the serious student of Analysis must always require. 


CHAPTER XXIII 


THE CONVERGENCE OF SERIES 


1. Sequences and series. By a SEQUENCE we mean an array 


81» 8, 85; 
of given numbers, real or complex, written in an assigned order; 
the rth term is denoted by s,. The terms of the sequence are often 
formed according to some definite algebraic rule, like the sequence 
Se ee | 
δ' ge? 66’. 258" “Ὁ 
whose rth term is (r?+1)-1. If the sequence terminates, say after 


n terms, we close the enunciation by inserting the last term; for 


example : 
i. Oi, Oy te - 


When there is any room for doubt about the pattern, a ‘general 
term’ is written: 
i ne δ᾽ αι... 
δ. of oA Ao, eT 
A SERIES is a sum of terms, often, in work at the present level, 
formed according to a definite algebraic rule. Familiar examples 
are the arithmetic series 
a+(a+d)+(a+2d)+..., 
whose rth term is a+ (r—1)d, and the geometric series 
a+at+at?+..., 
whose rth term is af’, 
We usually adopt the notation 


Uy + Ug + Ug t+... 


for a series, and denote the sum of the first n terms by the symbol 
8 

» ΟΊ S,, = Uy t+ Ugt... +Up. 
The ΡΑΒΤΊΑΙ, sums) §8,, 8, Ss, 


form the sequence 
Uy, Ὡς τῶ, Uy +Ugt tg, save 
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2. Limits and convergence. Itmay happen that, asr increases, 
the terms of a sequence 


81; 84.) 82,5 ers 8, 


approach some definite ταν 8. This idea has been considered in 
Volume 1, but is repeated for convenience: the sequence 8}, 8g, 83; --. 
approaches a number s as a limit if, given a positive number ε, however 
small,* a number N (depending on ε) can be fowndy so that 


|s,—s|<e 


whenever r>N.Wewrite lim s,=s 


r+ © 
or 8,.)8 as 100, 
If, in particular, the sequence 
iy ἈΦ ΣΝ κὰν “Ke τῶν 
of partial sums of the series 
Uy + Ug + Ug Ἔ... FU, +s 


tends to a limit S, we say that the series CONVERGES TO THE SUM S, 


and we write re) 
S=>)4,. 
i 
Aseries which does not converge is said to DIVERGE. 
If a series Uy + Ug + Ugt ... 


is convergent, so also is the series found by omitting any given 
finite number of terms from the beginning. When the number 
omitted is n, the resulting series is called THE REMAINDER SERIES 
AFTER ἡ TERMS and (in the case of convergence) is denoted by the 
symbol R#,,, so that 


Ry = Unga t Unset Unsst ean 
Thus S = (Uy + Ug Ἔ ... + Un) + (Unzi t Unset ++) 
=8,+f,,. 


* We shall contract this phrase to ‘given e’. 
+ We shall denote this dependence by the notation 
N=N(e), 
with similar alternatives. 
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The sum of the first p terms of the remainder series 
Unsit Unset Unis t ++. 
(whether convergent or not), is denoted by the symbol F,, ,,, so that 
Ry p= Ungar t Unga te + τόρ» 


Consideration of the values assumed by R,, for varying values 
of n leads to the important result that, if the given series is convergent, 


t 
85: lim #,, Ξε 0. 


Ἐ-Σ 
For, given ε, we can find a number Ν᾽ (ε) such that 
|S—S,,|<e 


for all n exceeding V. Hence 
| BR, | <e. 


3. The addition of convergent series. When two series 
Uy + Ug + Ug tones 
y+ Vet Ugt... 


are given, we often wish to add them or to perform other similar 
processes, such as, say, subtraction, which is merely addition with 
the sign changed. The theorem which follows justifies the process 
of term-by-term addition: 
If the two sequences U,,, V,, converge to values U, V respectively, 
then the sequence U,, + V,, converges, and its sum is U+V. 
Given ¢, there is a number M(e) such that 
| — ὕ, | - δε 
whenever n > M; and a number N(e) such that 
ΙΥ - τ 1 « ἐξ 


whenever ἢ» Ν. If K is a number greater than both M and Ν, 
then, whenever n > K, we have the inequality 


|(U + V)-(U,+¥,)|<|U—U, | +| ἀπ 
«ε. 


Hence, by definition of convergence, the sequence (U,,+V,) con- 
verges, and its sum is U+ V. 
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In particular, the theorem is true when U,,, J, are the partial 


sums of the series — 
Uy + Ug + Ug Ἔ...» 


Vy+ Vg+ U3 + s*ee 
That is, if the two series converge, to sums U and V respectively, 
then the series 
(uw, +%,)+ (εις, + V2) + (ως +s) + des 


also converges, to sum U+ V. 
As a direct corollary of the last result we prove the theorem: 
If a serves ΑΝ 


is convergent, then u, -Ὁ 0 as N-> Οὐ. 
Since the series converges, then, denoting the partial sums by 
U,, Ug, Ug, ... and their limit by U, we have the relation 
U,,> U. 
It is equally true that U,,_,2U. 
But the limit of the difference U,,—U,_; is the difference of the 
limits U — U, so that hte 


It may be helpful to add the warning that the convergence of a 
sum does not imply the convergence of its constituents. For ex- 


ample, the series (1-1) +(1-1) + (1-1) +... 
is convergent, but neither of the series 
1+1+4+1..., —1-l-l-... 
converges. Again, the series 
Βν- οἱ ᾿, ἐγ 5 κἢ Ν͵ a 
(5+2)+(S+H) + (ota) + (ata) +~ 


is convergent, so the series 
(6.).6-}»6.}»0 HEH) + Gar 
is convergent also. But neither of the series 

(142) +(1)+(4e1) + 

(11) (4-1) +(4-1) .. 


converges. 
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4, The general principle of convergence. The test 
| R,,|<e 


just enunciated is very useful in theoretical applications, but it 
suffers in practice from the difficulty that we often cannot foresee 
what the limit S is likely to be, so that the expression | S—S, | 
cannot be written down explicitly. There is, however, a principle 
of very wide application which provides a similar technique with, 
in many cases, greater ease. This is the GENERAL PRINCIPLE OF 
CONVERGENOE, which asserts that a NECESSARY AND SUFFICIENT 
condition for the convergence of the sequence 


83, 8, 84, sees 8,5 eee 
is that, given ε, there exist a number N(e) such that 


| Sep n| <6 


for ALL positive integers p and alln>N. 

The proof of sufficiency involves ideas with which we do not deal. 
For necessity, we proceed as follows: 

We are told that the sequence has a limit s. Hence, given ε, we 
can find a number Ν(ε) sufficiently large to ensure that 


l Snip 8] < $6, |s,—8 | «ἐἐε 
whenever n+ p,n exceed NV. Hence 


len+p— nl =| (8,.. -- 8) — (8, —8) | 


<|8n4p—8|+]8,—8| 


<6, 
as required. 
When the sequence {s,,} is composed of the partial sums {S,,} 
of a series 
Uy + Ug + Ug t ...») 


the condition appearing in the general principle may be expressed 
in the alternative forms: 


(i) | Spip—Sn| <6 
or (ii) [δὲ ὁ} οἱ; 
or (iii) | Masa t+ Unset +» +Unsp «6, 


where n, n+ /p are, in each case, numbers both exceeding NV. 
6 MIV 
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Note as a Corollary the result established earlier by a more direct 
method, that it is NECESSARY for the convergence of the series 


Uy + Ug + 2 + Uy $e 
that lim: w,, = 0. 


n-?>2 


The condition u,—-0 is NoT sufficient to ensure convergence. 
For example, the series 


1 1 1 
sas sh me bes ar 
diverges although lim (1/,/n)0; for the sum of the first τὶ terms 
n7o 
exceeds n times the least of them, so that 


] 
S,,>”x (,;,) =n (n>1). 
Hence S,, >. 


We now give a short discussion of some of the simpler properties 
of real series whose terms are all positive. They play an important 
part in the more general theory, to which we return later. 


5. Real series with positive terms. We require first a basic 
property whose detailed proof is beyond the scope of this Volume, 
but the reader will have little difficulty in convincing himself 
intuitively of its truth. Informally stated, it is that a sequence 
which increases steadily must either tend to infinity or to a finite 
limit—the point being that the alternative of OSCILLATION is 
prohibited by the steady increase. We therefore assume the truth 
of the following theorem: 

THE ‘BounDING’ Test. If the elements 


81: So, 83, ΠΟΣῚ Spy *e 
of a sequence increase steadily, so that 
81:8, 5855 “... «8,5 song 


and if, further, the numbers 81, 89, 8g, -..,8,,--- are all bounded (that 
is, all less than some finite number K) then the sequence tends to a 
(finite) limit. 
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In particular, if the sequence consists of the partial sums 
3... Sg, S3, ... of ἃ series ee een e 
of PosITIVE terms, then either S,, increases without bound or S,, 
tends to a limit; it cannot oscillate. Thus ὦ series of POSITIVE terms 
converges if the partial sums S,, are bounded for all values of n, and 
diverges to +00 if the sums S,, are not bounded. 

For example, in the geometric series 


Lhe, 
at oa tost 
the sum Κ᾽, is given by the formula 
1 
S,, ΞΕ] -- Qn ᾽ 
so that <1. 


Hence the sequence S,,S,, S3,..., being increasing and bounded, 
tends to a limit which is the sum of the series; this is, of course, 
otherwise familiar in this simple case. 

The ‘bounding test’ leads immediately to a ‘comparison test’ 
for convergence which is important both in itself and also because 
it enables us to formulate other specific tests which are easy to apply. 

THE COMPARISON TEST. If each term of the series of POSITIVE terms 


Uy + Ug + Ug... +Up +... 


1s less than, or equal to, the corresponding term of a series of positive 
t 
ΤΡ bebo bee Ee cx 
known to be convergent, then the given series is also convergent. (The 
result is not affected if a finite number of corresponding terms is 
omitted from each series before the test is applied.) 

The proof is immediate; for 


SS Uy t+Ugt... +Up_ 
«ὃ, +6,+...+5,, 


and, since the series ὃ, +b. + ὃς +... isconvergent, its sumis bounded. 
Hence S,, is increasing and bounded, and therefore convergent. 

Note the equivalent TEST FOR DIVERGENCE: If each term of the 
series of positive terms 


Uy + Ug + Ug t ... FUp + woe 
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is greater than, or equal to, the corresponding term of a series of positive 
arene δ᾽ εὐ Reishi. 

known to be divergent, then the given series is also divergent. 
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Note that the test gives no information if l= 1; we cannot then take 
the step of identifying the number ε (> 0) with $(/—1). 

The corresponding TEST FOR DIVERGENCE is: 

Tf Uy,|Un+1 tends to a limit Ll, and of 

ΣΦ Ἶ; 

6. Some detailed tests for series of positive terms. The 
following well-known tests will be found useful. 

(i) D’Avemperrt’s TEST. If the ratio U,/Un41 tends to a limit l, 
and of l> 1: 


then the series Uy + Ug + Ug t + HU + vee 
is convergent. 


then the series is divergent. 
Nore. It is actually sufficient for convergence that u,,/u,.,>/ 
for all sufficiently large n. The existence of the limit lim w,,/u,,,, 1s 
n->o 


convenient for calculation, but not essential. The proof is easily 
constructed. 
(ii) Caucuy’s TEST. Τὸ prove that, if ul!” tends to a limit l, and if 


Given any positive number e, we can find a number N such that L<1, 
slice then the series Uy + Ug + Ug t ... 
Unt is convergent, 


for all n greater than NV. Since w,,,, is positive, we may multiply Given any number e, we can find a number Ν᾽ such that 


by it, so that |utin—1| <e 


for all x greater than V. Thus 


| Un — ἴα, γι | < Un +13 
that is, ({ --- Ε) Unica < Un < (U4 €) Unss- 


In particular, we may take ¢ to be the number }(J—1), which is 
positive since /> 1, and then write 


k=l—e=1—}(1-1) =3(1+ 1), 
so that k>1; 


then the left-hand inequality, (!—¢) U,4,<U,, Shows that (for the 
N corresponding to this value of ε) 


l—-e<ulv<I+e. 
If, in particular, we take e=4(1—1), which is positive since /< 1, 
ane wae Kelcemi(l 4D, 
so that | k<1l, 
then the right-hand inequality gives (for the N corresponding to 


this value of 
“ἴω, (n>). visions uim<k (n>WN), 
Thus Un+2< Uy4a/k; or Ub, < k". 
Unig < Unialk< ἕν ἘΞ, The series therefore converges by comparison with the geometric 
Uysg<Uyyglh< tyr, ee 


We again have no information if 1=1, since the step = }(1—/) 
is then excluded. 

The corresponding TEST FOR DIVERGENCE is: 

If ull tends to a limit l, and if 


is, 


and so on. Hence each term of the given series after the Nth is 
less than the corresponding term of the geometric series 


ke Fe 
in which the ratio k— is less than 1, as we have seen. Hence the 
series converges. 


. 1 ae 
Un+1 1..- Ἐτ:- Ἔτι Τ... 


then the series Uy + Uy + Ug + oo 
ts divergent. 
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Nore. The simpler form, that the series converges if 


ulnm<t (l<1), 


for all sufficiently large n, is very easily obtained; for the term u,, is 
then less than the corresponding term /” of the convergent geo- 
aE eee 14+ P4+B+..., 

and the result follows from the Comparison Test. 

(iii) There are many tests, not considered here, which can be 
applied to series where the limits w,,/u,, ,, and u}” have the excluded 
value 1. It is, however, useful to have a test which often establishes 
at once the negative result that a series of positive terms is not 


convergent: 
If Uy + Ug +Ugt... 
is a series of positive decreasing terms, and if the series does converge, 
0 lim nu,, = 0. 
no 


If the series converges, we can, given any positive number e, 
however small, find a number N (depending on ε) such that the 
remainder after V terms (p. 78) is less than 4¢; that is, such that 


Vid RB, = UyiytUyigt ὡς < FE. 
Then, a@ fortiori, 
Uys tUnygt---+U,<te (n>); 


and, since the terms are decreasing, each of the n— NV terms on the 
left exceeds w,,, so that the last inequality gives 


(n—N) u,, < $e, 
or nu, <te+Nu,. 
Moreover, it is necessary (p. 80) that in a convergent series 
U, > 0, 


and so n may be taken sufficiently large to ensure the inequality 


u, < 3¢/N, 
or Nu, « δε. 
Then nu, <te+Nu, 
«ε, 
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so that lim nu,, = 0. 
no 


For example, the harmonic series 
1+$+ $+... 
has decreasing terms, and 
nu, =n(1/n)=1+0. 
Hence this series does not converge. 

Note that the simple requirement ‘u,—>0 for a convergent 
series’ will of itself sometimes settle that a series cannot converge. 
For example, in the series 

14+3+$9+24+$+... 
we have Un = "- “eh, 


so that the series does not converge. 
(iv) Raasn’s test. We conclude with one illustrative test 
for certain series in which w,,/w,,.,—> 1: 


If the limit τ 
nol) 
nol Δ, 
exists and has valuel, where I>1, 


then the series 

converges. 
Given any positive number ¢, we can find a number JN, depending 

on ¢, such that 


Uy + Ug + Ug Ἐ... + Up + ως 


1-e<n{ On -1) <l+e 
Uni 


whenever n> NV. If we multiply by w,,,,, which is positive, the left- 
hand inequality gives 
(L—€) Un 44 < MU, — My, 

or (J—1—e) u,,,<nu, —(n+1)uU, 43. 
Giving to n the values VN +1, N +2, N +3, ... in succession, we have 
the inequalities 

(L—1—€) τιν 2 « (Ν᾽ +1) τὴν ει -- (ἈΝ᾽ +2) ty 2, 

(ἰ.--  -- δ) τὸν ς <(N +2) τιν... -- (ἈΝ᾽ +3) Uys, 


eee τον να τ τ αν τ νον τ ον τον ον αὶ αὶ ὦ 


(ἰ.--ὶ --εὐμ <(M—1)uy_,—Muy 
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for any number WM greater than N. Adding, and writing 
S,, = Uy + τὸς... + Uy 
for the nth partial sum, we reach the formula 
(L— 1 —€) (Sy -- ὅν.) < (NW +1) Uyy,—-Muy, 
or, since Mu,, is positive, 
(1-1 —€) (Sy— Sys) < (N+ 1) tvs: 
Now we are given that />1, and so we can choose ε so that 


l—l1—e>0O. Then 


Su< Sica opts 


l—l—e 

For any given e, the right-hand side is determinate, since ε deter- 
mines NV. Hence the sequence of which S,, is a typical element 
(M>WN) is (i) increasing, since τι, %,U%3,... are all positive, and 
(ii) bounded, by what we have just proved. Hence S,, has a limit 


S to which the given series converges. 
We have also the test for divergence: 


If the limit = 
im {ε{{ϑ αὶ 
n> Un+t 


exists and has valuel, where I<1, 
then the series diverges. 


EXAMPLES I 
Test for convergence the series with the following nth terms: 


1. n/2”. 2. n2/3”, 3. (4n)". 
4, (3/n)". 5. (2n+1)/2”. 6. n!/n?. 
7. (n+ 2)?/(2n) I. 8. (n!)-™ 9. (5 15}" 
10. a τ =. 1. SE. 
ae ee 


7. More general series; absolute convergence. Experience 
shows that the mere convergence of a series does not always 
suffice for the manipulations required of it. For example, it is 
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fairly easy to prove that a convergent series of positive terms has 
a definite sum independently of the order in which its terms are 
taken. But this is not necessarily true when some of the terms are 
positive and some negative; thus the two series 


Ἰπἐτἐ-πἐτ-ἐ τ ὺ-- 1... 
14+3$+$-4+3+$+77-i+... 


(with three positives before each negative in the second) have quite 
different sums. 

It is found necessary to consider, as a sub-class of the convergent 
series, those for which the series of the moduli of the terms are also 
convergent. We therefore make the definition: 


The series ΠΕ Mest ace 


is said to CONVERGE ABSOLUTELY if the series of moduli 


| || +] %|+|u|+... 
ts convergent. 


The concept of absolute convergence enables us to make use of 
the tests already found for series of positive terms. 


8. The convergence of an absolutely convergent series. 
It is possible for a series to be convergent although not absolutely; 
for example, the two series quoted in §7 are convergent, but the 
series of their moduli (absolute values) are not. On the other hand, 
we prove almost immediately that a series which is ‘absolutely 
convergent’ does actually converge. 

Let it be given that the series 


Uy + Ug Ἔ τις...» 
whose terms we suppose to be real, converges absolutely, so that 
the series of moduli 
| {Ἐ| We] Ὁ ὡς [ Ὁ... 


converges to a value 7΄. We prove that the series formed by taking the 
positive terms (in order, as they come) converges to a value P, that 
the series formed by taking the negative terms converges to a (negative) 
value —Q, and that the given series converges to the value P—Q. 


hes Pr=H| Up | +p), 
qn = (| Un | — Uy). 
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Then p, =U, When wu, is positive, and p, =0 when w, is negative; 
also g, = —U, When u,, is negative, and g, ΞΕ Ὁ when w, is positive. 
Thus the terms of the two series 

Prt Pet Pat ...» 

G+ dot 453 Ὁ ... 
are all positive, and equal to or less than the corresponding terms 
of the convergent series 

| Hy | +| 2+] Ws] +--+ 


Hence, by the Comparison Test, the two series converge, say to 
values P and Q. 

Moreover, we have established (p. 80) that the series whose terms 
are the difference of corresponding terms of two series of positive 
terms is itself convergent, to the difference of the sums. Hence the 


ἘΝ (21-91) Ὁ (}ᾳ -- 42) + (}5 -- 49) + ++ 


converges to the value P—Q. 


But ut 
Pan—- In =n 


for all values of ἢ, so that the series 
Uy + Ug + Ug t+ eee 


converges to the value P—Q. 
Norse. We have confined our attention to real series, but it is 
also true for a series of complex terms 
Uy + UgtUgt... 


that, if it is absolutely convergent, it is also convergent. This 
follows easily from the general principle of convergence. For, if 
we write 
Srp =Unsit Unszet +» +Un+p: 


Tp =| Uns |+| nate] +--+ | Unto |» 
then | Sap | =| Murat Unset +--+ Unip | 
<| Uns |+|Unrel Ἐ... Ἐ Maen | 
ee 


For absolute convergence, 7), ,->0, so that | S,,|->0 also. Hence 
the series is convergent. 
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9. Alternating series. Among the series which may con- 
verge, though not necessarily absolutely, an important class con- 
sists of the ALTERNATING SERIES whose terms are real and 
alternatively positive and negative in sign; say 

U,—UgtUg—Ugt... (u,>0). 
We prove that, if the terms of an alternating series decrease steadily 
in magnitude, so that 
Uy > Ug > Ug > Ug> oo; 
and tend to zero with n, so that 


then the series is convergent. 
Consider first the sum of an even number of terms, 


Son = (Uy — Uy) + (Ug — Ug) + +». + (Wana τ Von): 
Each difference (u»,_, —U,) is positive, and so S,,, is (with terms so 
grouped) an increasing sequence. Also 
Son = Uy — (Ug — Ug) — (Ug — Ug) — ++» τα (Wan—2— Uen—1) τ Yans 
so that So, < Uy. 


Hence the sequence S,,,, being (as grouped) increasing and bounded, 
tends to a limit S. 


Moreover, Son41 = Son + Uon+1 
so that lim Sonat = lim Son + lim Uon+4 
nw no no 
Ξε 5. 
Thus lim S,=S 
n?o 


whether r is odd or even, and so the series converges. 
Nors. The condition lim uw, =0, requisite (p. 80) for all series, 


n>o 


is essential to the argument. For example, the terms of the series 


1—$+2-F+3-44+... 


alternate in sign and decrease steadily in magnitude; but the series 


does not converge since = l 


gon R= ek 2 


For large values of n the series oscillates by the alternate addition 
and subtraction of an amount approximately equal to }. | 
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10. The effect of changing the order of terms. In general 
it is not possible to alter the order in which the terms of an infinite 
series appear without at the same time altering its value. For 
example, if order were irrelevant, we should be able to use the 


argument 
log, 2=1—4+4-44+}4- G+... 


=1—}-}3+}-%-4+3-i0-tet--- 
=(1—4)-4+(4-3)-8+(§-wvo) τ ὖσ τ --- 
--1} --1-.1- 1. ἢ -τῦϑ Ἐ... 

Ξε! -ξεξπξεηῖξ-...) 


= 4 log, 2, 
so that log, 2=0, 


or 2=1. 


We prove, however, that, if α series converges ABSOLUTELY, 
then its sum is unaltered by any change in the order of its terms. 
Take first a convergent series of positive terms 


SHU t+UgtUgt.---, 
and suppose that it is rearranged so that the terms appear in a 
different order, forming a series which we write in the form 
Vy t+ Vet Ugt.--- 


Let 7, be the sum of the first m terms of the rearranged series, 
and suppose that n terms of the given series must be taken before 
all the terms of 7’, have been included. Then 


TW the Φ ΟΝ, 
so that the sequence 7|,, being increasing and bounded, converges 
to a limit 7’, where T<s8 


Now that we know the rearranged series to be convergent, we may 
interchange the parts played by S and 7' in the argument just used, 
so that 5317 


Hence S=T, 
as we wished to prove. 
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Suppose next that the series S contains both positive and nega- 
tive terms, but that it is given to converge absolutely. Then 
(p. 89) its positive terms converge to a sum P and its negative 
terms to a (negative) sum —Q, where 


S=P-Q. 


Any change in the order of terms does not change the value of the 
sum P of all the positive terms or (by similar argument) the sum —Q 
of all the negative terms. Hence the rearranged series converges 
absolutely, and its sum is still P—Q. 


EXAMPLES I 


Test for convergence the series with the following nth terms: 


1, {ον 2. (—1)"n™. 

3. (—1)"ni. 4. ἘΞ, 

5. (—1)"logn. 6. ae 

net2 _ "5 

7. (-- 1Ὁ ack" 8. (-- a τ’ 
(—1)"n? ἃ 

9. (n+l) 10. (-- 1)», 

11. (—1)"/Jn. 12. (—4). 

13. (—1)"e—“ logn. 14, (—1)"ne-, 
—])"evn van n (e*+1) 

15. (—1)"ev, 16. (-- 1) (δῦ τ 1) 


11 . The integral test. There is a useful theorem for com- 
paring the convergence of an infinite series with that of a closely 


76) 


be a function, positive and decreasing for all positive values of x; write 


8,=f(1) + f(2) +... 470), 
U, = | "fla)da, 


related infinite integral. Let 
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Then the difference 


tends to a (finite) limit as n tends to infinity: 

Since f(a) decreases as x increases, we have, for r=2,3,4,..., 
the inequalities 

f(r-—l>f@)zfr) (r—1<«<r), 

so that, on integrating with respect to x between the limits r—1,7, 


‘i 
fr-)>{" fede> fer 
From the left-hand inequality, it follows that 


ΚΟ +f). +f(n—1)> Ϊ "ple)day 


g,=85,—U,, 


or S,,—f(n) > Ups 

or g(n) > f(r). 

But we are given that f(x) is always positive, so that 
g(n) > 0. 


Moreover, the right-hand inequality 


ΠΏΣ 
may be written in the form 
U,—U,_12 8,-8.1 
or Ir Sy: 
Thus 917927937 +++ 


The function g,, therefore decreases with n, but is always positive. 
Hence it tends to a finite limit, so that 


lim (8. by ὑπ) 
exists and is finite. nie 
CoroLLary. If either the sum 
FL) 12) +F(3) + --- +f(M) 
or the integral ἵν f(x) dx 
1 


converges (or diverges), when f(x) is a positive decreasing function 
of x, so also does the other. 
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12. Euler’s constant y. The integral test leads immediately 
to an important result: 
To prove that the function 


να ἀπῇ n 
gtgte ty log 
tends to a limit y as n tends to infinity. 

In the integral test, take 


fle)=— (e>0), 


Then the conditions (i) positive, (ii) decreasing are both satisfied, 
so that the limit of the function 
δ ἢ ] Ϊ n dx 


L+o4+245.4=7 
tetet γι 


exists and is finite; that is, the limit 


ee 1 
lim |{1+=+=+...+-——lo n| 
Tim ( 2° 3 n° 


1 


exists, having a value which we may call γ. 
The constant γ is known as EULER’S CONSTANT. 


InLustTRATION 1. Τὸ find the sum of the series 
1+$—$+$4+9-t+5+71-Et--» 
where two eittiee terms from the series 
1+4+$+7+-. 
are followed by one negative term from the series 
—}-}-j-.... 
The sum S,,, of the first 3n terms may be written in the form 


pein 5 epee ely eee εν ogee. 
gt ἘΠῚ) [ἘΠ 2 ἘΦ“: tae} 


‘ Loa 1 
Write ltotgt-. t+ —lograyté, 


where lim ¢, = 0. 
r—r2 
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Then 
Syn = {(y + log 4n + ἐμ) — ἐ(γ + log 2n + €2,)} — Hy + log n+ €,) 
=log 4n— flog 2n — flog n+ €4,, — δέχῃ — $€n 
= Hog (Sr) + in — Hn He 
Hence lim S,,, =} log 8. 
no 


Since also the individual terms of the series all tend to zero, it 
follows that S,,,.1, 33... both tend to the same sum, so that the 
series converges, to the value $ log 8. 


13. Theseries =n-*. A very useful test for comparison purposes 


is afforded by the series 
ae | 
τα τα ον (8 real), 


We prove that the series converges when s > 1 and diverges when 8 «1. 
The work of the preceding paragraph (and also of p. 87) 

establishes divergence for s=1, since it is well known (Volume ΤΙ, 

p- 3) that logn—>oo. 

This carries with it divergence for 8 « 1, since then 


EF 2 
mn’ 
so that, for any value of N, 
ay ee ΝΕ 


For s>1 we apply the integral test (p. 93). The integral 


"dz 
ΓΞ 
-1 a =e 1 
has the value Fel Geese 
dz 1 
so that, for s> 1, [Sr 


Since the function 2~* is positive and decreasing for positive x, the 
conditions of the integral test are satisfied, so that the series 
converges with the integral for s> 1. 
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14. The sequence ( 1+ γ΄. ρα ΝΣ 


is found useful in applications is that the sequence 


6,=(1 +5) 


tends, for real values of x, to the limit 
οἷ 
as n tends to infinity. 
Taking logarithms, we have the relation 


log, S,, =n log, (1+7). 


If we write y=1/n, 
the relation becomes 
ωῳ; Siew Oe (1 +2) 
y ᾿ 
and 80 linn logs tim OSe(t ταν) 
n—->© ν-»Ὁ ψ 


for given x. But it is easy to prove that 
lim 08e(1 ταν) ὦ 


y->0 y 
so that : lim log, S,, =2. 
no 
Since, then, log, S,, >, 


it follows, from the continuity of the function e*, that 
S,, =e l0Be Sn _, ρα, 


ILLUSTRATION 2. 70 express Ἰοὸρ (1 - 2) in a series of ascending 
powers of z, where z is COMPLEX. 
Suppose that z is expressed in modulus-argument form, 


z=re?, 


Taking the hint from the definition for real values of z, we consider 
the integral Pe [ ot dt Us 
if go i+ tet? ( ) 
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and express it first in terms of its real and imaginary parts; thus 

δι εκ ἢ) 

υ (1 -- ἐοἴθ) (1+te-”) 

τς Τ(οΟΒ9θ - ἐ) -Ἐ ἐβίη 9 
0 1 + 2¢ cos 6 + é? 


-a(_rain?\ 

=4tlog (1+ 2rcos0+7r?)+7tan (; eed) 

for appropriate choice of the inverse tangent. 
Alternatively, we have by expansion the identity 


r (—)memetm+D 
= 0. ἐρϑὶθ 80. — )jm-l aad Oe Si ...Ψὕ. 
1={' le be? 4. Ge PO 4 (— mt ete + Τ τ tel “αι 


[= dt 


1 
= ret) — pyre? 4 4+ (— γι rmemd + Ry 


m2— P+. (— 2 + Roy 


paige 
where R., =|. Ὁ τ ὑπ αι α νι aa dt, 
τ ὑπαὶ 
so that Ral <[/ Jl+te®|" 


Now the real and imaginary parts of the denominator are 
1+tcos@, tsin0, 

and they cannot both vanish except when 
=(2k+1)7, t=1 


(remembering that ¢ is positive, since r is). Thus |1+¢e| is 
definitely positive (not zero) except for θ =(2k+1)7; say 


[1+te@|>d (0+(2k+1)7). 


Hence | R,, |< ae γδ᾽ 
If, therefore, we make the restriction 
r<l, 
then | R,, | > 0. 
‘Henee, if |z| <1, z+ —1, then 
z—4}2?+ 428—...=}log (1+ 2rcos@+r*)+7 tan eee 


where z=re™. 
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Finally, suppose that 
log (1+z)=u+w, 
so that 1+rcos@+irsin 0=e" (cosv+7sin v). 
Then 1+rcos@ =e" cosy, 
rsin@=e"sin», 
and so 1+ 2rcos0 +r? =e, 
τέτατο ἰϑαν, 


or u=tlog (1+ 2rcosé+r’), 


ΒΝ, 1 
aR (See) 


for appropriate choice of the inverse tangent. Thus 
—$2+}3-—...=u+iv (|z|<1,2+—-1) 
= log (1 - 2). 


The ambiguity in the interpretation of the inverse tangents is 
resolved by noting that, when z=0, the sum of the series is zero, 
so that that value of the logarithm must be taken whose argument 
lies between —z and 7. The value of 6 may be restricted to the 
interval (—7,7), and the inverse tangents are taken to vanish 
with 0. 

Nore. This seems at first sight a long way round for a formula 
which is identical in form to that obtained for real z; but the 
treatment for real variable does not apply for complex. The 
ambiguity in the value of log (1 +) for complex numbers (reflected 
in the arrival of the inverse tangent in our proof) is in itself a warning 
that complications might be expected. 


REVISION EXAMPLES XVII 
1, Find the sum to n terms of each of the series 
ἐιξΣεξ τς"... 
12+ 23 + 374 43+ 


Deduce which of these series converges, and the value of its sum 
to infinity. 
7-2 
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2. Find the sum of the first n terms of the series 
2--ἶἴ 1 --ὖδι Ἢ εἶ το .... 
Determine whether the series is convergent and, if so, find its 
sum to infinity. 
3. Sum to m terms each of the series 
1424344+4..., 
Bog (ἀνορυᾶν.ς 
a Se ee 
Deduce which of these series converges, and the value of its 
sum to infinity. 
4, Show that the sum of the first n terms of the series 
Borde gniliyat «ἄν, 
ine aoe Bae 1.9 
s0-st 
Ξ 2 2n+1})° , 
Hence show that the infinite series converges, and find its sum. 
5. Find the sum to x terms of each of the series 


axi τῇ l 
τς + Ἐ...Ὲ 


τ 4: (8r—2) βγη 
1.2+2.3+...+7(r+1)+.... 
Deduce which of these series converges, and the value of its 
sum to infinity. 
6. Examine whether the series 


1's ' Ss 
PS ime κξ — 7γ)ὴ5--1} 
- ΕἾ «ον. Ἐ{--1) 


converges or ποῦ. 
7. Find numbers A, B such that 
1 A B 


rr yO QT 


Place 
2n+1° ~~ 


Hence, or otherwise, find (i) the sum to n terms, (ii) the sum to 
infinity of the series 
1 1 


1 
94° ΔΝ αὶ gat” 
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8. Prove that the sum to 7 terms of the series 
1 1 ἊΣ wee oe 1 Pie 
2.3.4 4° 3.4.6 8 5.8 


ως JF, Biel κι 
12 2(n+2)(n+8)’ 
and deduce that the sum to infinity is ;4. 
9. Find the sum of the first x terms of each of the series 

et Bred aren acai 

1.2 2.3 3.4 

(ii) 1.2.5+2.3.643.4.7+.... 
Examine the convergence as n tends to infinity. 
10. Sum to infinity the series 

sin A +4sin2A+}sin34+4sin4A+.... 

11. Sum to infinity each of the series 


C =cos 8 cos @ + cos? @ cos 30 + cos? 6 cos 36 + cos*@ cos 46+... 
and 
S=cos@ sin@ +cos?@ sin 20+ cos*@ sin 30+ cos*@ sin40@+..., 


and state the values οὔθ, if any, for which the series do not converge. 

12. Find the sum of πὶ terms of the series whose rth term is 

2r—1 
r(r+1)(r+2)’ 

and find whether the sum to infinity exists. 

13. Prove that, if n>1, 

1 1 rue Nt 1 _ (n—1)(n+2) 
ee gt 2.3.4 (n—1)n(n+1)  4n(n +1) 
Show that this series has a sum to infinity, and find roughly how 


many terms of the series must be taken to give a sum differing from 
the sum to infinity by not more than one part in a million. 


14. Show that the series 


1 1 1 


1 
isa isa ine inet” 


where a> 0, is convergent if a> 1 and divergent ifa<1. 
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15. Expose any fallacy in the argument: 

For the series Lu,, where u,=1/n, the ratio u,/u,,, always 
exceeds 1, and so the series converges. 

Would the argument have held for the series with τι, = 1/n*? 


16. Two numbers a, ὃ, are given, where a, > b,>0. The pair of 
numbers ας,» 6, are defined for n > 2 as the arithmetic and harmonic 
means respectively of the pair a,_,, 6,_,. Prove that 

(i) an ὃ n= 4b, 
(ii) the sequence a, decreases and the sequence b, increases, 

(iii) as πὸ tends to ‘infinity, a, and 6, both tend to the limit 
νία,},). 

17. Prove that, if 

ἡ" _1.3.5.....(2n—1) 
mn 9.4.6.....(2n) ” 


then nu2 is an increasing sequence and (n+4)u? a decreasing 
sequence. 

Deduce that nu?2, tends to a finite positive limit as n 00, stating 
without proof any general theorem on sequences to which you 


appeal. 


18. Two infinite sequences {a,}, {b,,} are defined in terms of two — 


given numbers a, ὃ (a >6> 0) as follows: 

(i) @)=a, by =); 

(ii) a, is the arithmetic mean, and b,, is the geometric mean, of 
a,_, and b,_, (n>1). 
Prove that a, and b,, tend to a common limit as n> 00. 


19. Prove that, if | «| <1, then 


lim 2” = 0. 
no 
Prove that, if lim “+2 =I, 
no an 
and if 0</<1, then lim a, =0. 
no 


Deduce the limit as n tends to infinity of 


mn? 10" 3.5.7.....(2n +1) 
55 nl’. 1.4.1.....(85-- 3)" 
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20. The terms of a series Lw,, are all positive. State which of the 
following conditions is, or are, sufficient for the convergence of 
the series: 

(i) τὸ, αἰ τι, <1 for all n; 
(ii) there exists a number J, and a es k “1, sushi that 
Uns1/Uy, < k for alla > NV; 

(iii) there exists a number NV, and a number ὦ «1, such that 

Un+i1|Un <k for alln>N; 


(iv) Tim (tn 41/%n) «1; 
(v) lim (Un+a/ Un) <1. 


For each of the conditions which you state are sufficient for 
convergence, explain whether it is also necessary, and if not, give 
an example to illustrate that it is not. 

Show, by illustrative examples or otherwise, that the other con- 
ditions are not correct as sufficient conditions for the convergence 
of the series. 


21. Prove that,if 2v,-l as no, 
and if l<y, <2, 
for all n, then Y,>l as n->oo. 
Prove that, if «> 0, then 


i By 1 ἴω 
(1455) <1 56 (1p) 


for all positive integral n. Hence show that 


converges if s> 1 and diverges if s <1. 
Writing c,, =n-*, prove that 


lim n( 2 -- ἢ Ξε ὃ 
no \Cn+1 
Discuss the convergence of the (real) series whose nth term is 


(a+ 1)(a@+2)...(a+n) 
n! ι 
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23. If Ona = PAy + W8n-1) 


where p, q are positive, and if α, # are the positive and negative 
roots respectively of the equation 


a? = px + q; 
prove that, if Un =A,/a", 
then Unt —Un= (ω, - Un—1) (2 Ι α), 


and deduce that the sequence (u,,) converges to the value 


a — fay 

α(α — β) 
24. Prove that, if the sequence (u,,) decreases steadily as n 
tends to infinity, and if 


Σ Un 
n=1 
converges, then lim nu, = 0. 
τα «1 .9] 
Prove also that Σ Mun —Un+1) 
r= 

converges. 

25. Prove that the series 

3 3.4 3.4.5 


t= 5 ales, ἢ χα ἡ ἢ 


converges for real values of z only if x > 8. 
26. Examine, by means of the limit 
lim n( 22 = i A 
πρὸ \On+1 
the convergence of the series 


~~ (2n)! 
(i) 2 3mm +1)! (n— ἢ’ 


, (1.3.5.....(2n—1))}* 
a) Ste om | 
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27. The numbers of a sequence up, u;, U,,... are connected by 


the relation Un —(kK+K) ty +Uyp=0 (n> 2). 
Prove that w,, is of the form 
U, =Ak" + Bk, 


where A, B are constants. 


Prove that, if k>1 and if u)»=1, then the only value of u, for 
which u,, tends to a finite limit as n tends to infinity is 1/k. 


28. Positive numbers 2,, 2%, ἅς» ... are defined by the relations 
v,=1, 
Yni1=(%,+6)* (n=1,2,3,...). 
Prove that, for all values of n, 
Ln «ὦ, <2. 
Hence prove that 2,, tends to a limit, and find this limit. 
29. A sequence τι; Us, Us, ... is defined by the recurrence relation 
δι, 41 = Un + 6. 


Prove that u,, 00 if wu, >3. 

Prove that τ, tends to a finite limit if wu, has any value in the 
range 0<u, <3, and find the values of the limit for these values 
of 2. 

30. The terms S, of a bounded sequence of real numbers satisfy 


the inequality ἂρ ἐκ ἀρὰς ce 


Prove that lim (8,3 —8,) =9. 
n 72a 
31. Prove that, if f(x) is a continuous steadily decreasing func- 
tion for x>0, then 
n n π--Δ 
Σ fe<|"fede<’S for 
r=1 0 Ταῦ 


: Β κα 
Prove that, if t= Σ oral ; 
then U, —tlog.n 
tends to a finite limit as ἢ - οὐ. 
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32. Use the integral test to find the values of 6 for which the 
series 


@ 1 
Δ n(log n)!+8 
is convergent. 
33. Show that the series 
1—3+3-7+... 


$+4(1—$)-—3(3-3) + 23-2) τ ... 
both converge and have the same sum. 
34. Show that the series 
1 1 1 1 


Js* Jai * γα 726 
is convergent. 
35. The terms of the series 
ου ( ra 1) 
n=1 ἢ 


are rearranged so that p positive terms are followed by 4 negative 
terms and so on alternately. Prove that the sum of the resulting 


aut oe log 2 + }log (p/q). 
36. Find the sum of the series 


2 8n —3 
2 n(én—3) (&n—1)" 


37. Evaluate the limit, as » tends to infinity, of 


_thenge Tig SE gen Ὁ 
atl 242° 0+3"° ΠΝ 


38. Test for convergence the series 
(1+$)-$+(+3)-6+(7+8)-S+-- 
39. Show that, as n> οὐ, 


1 


lt att. +o i 


where γ is Euler’s constant. 


—tlogn—log 2+ ἐγ, 
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40. The series 
(a) Uy — Ug + Ug — Ug t oe 

is rearranged as 


(δ) Uy τ Ug — Uy + Ug — Ug — Ug + Us — Uyy τ Uyy + vey 


and the nth partial sums of the series (a) and (b) are denoted by 
ae and B, respectively. Prove that, for any positive integer m, 


Ay 3m — Σ {9,.. 
r=m-+1 


Show that, if τὸ, τε τὸ, the series a) is convergent but the series 
(δ) is divergent to —oo, 
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CHAPTER XXIV 
THE DEFINITION OF FUNCTIONS BY SERIES 


The need for the work which follows arises, among other things, 
from the fact that, though the sum of a finite number of terms 


U(X) + Ug(X) +... +U, (2) 
of continuous functions is continuous, and can be integrated or 
differentiated term by term, this is not necessarily true for infinite 
series. We are seeking conditions under which these processes can 
then be carried out. 


1, The functions defined. The primary concern of this chapter 
is the use of an infinite series as the definition of a function. The 
terms of a series stg 02) + stele) γα ζω)... 
are functions of a variable x, and the nth partial sum is ‘S,,(x), where 

S,,(x) =U, (a) + Uo(x) +... + U,,(x). 


It may happen that, for a given value of x, of x, the sum S,,(2%,) 
tends to a limit S(a,) as n tends to infinity; the series then converges, 
for «= 2p, to the value S(x,). The fact of convergence at a particular 
value x, however, does not by any means ensure convergence at 
another value z,; this is familiar in the case of the geometric series 


1+2+27+25+..., 


which converges when |x| <1 but not when | | 1. 
When the series converges for a range of values of x, say for values 
in the interval 
a<az<b, 
its sum S(z) is a function defined for the various values of x in that 
interval, so that 


S(x) =u,(x) + Uo(%) + Us(z)+... (a<u<b). 
We are now to examine some properties of S(z). 
The work of the preceding chapter may be applied to any series 
in which 2 has a given value z,, but care must be taken once z is 


allowed to vary; difficulties then arise which we shall meet almost 
immediately. 
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Notre. Though the notation x for the independent variable 
implies that we are thinking mainly of real variables, the ideas 
developed in this chapter apply equally well to complex variables, 
EXCEPT that the discussion of integration and differentiation in 
δξ 4, 5 necessarily preswpposes real variables only. We do not con- 
sider in these volumes the more general theory of complex variables. 


2. The problem of continuity. Some typical difficulties in 
the theory of functions defined by means of infinite series may be 
illustrated through an examination of the conditions for con- 
tinuity. We give first an example to show that, even when each of 
the functions u,(x), uo(x), Ug(x), ... 18 continuous in the interval and 
when the sum to infinity S(x) exists at each point of the interval, it is 
nevertheless possible for S(x) to be a DISCONTINUOUS function of x: 

Consider the series 

x* a a a 
T+a*' (+a Gat obs ΕΝ sane 
This is a geometric progression with first term z?/(1 - 23) and ratio 
1/(1+2*), so that the sum of its first n terms is 


διπτει ματα (ra) | 


Since 1+2?+0, we may multiply numerator and denominator by 
it; thus rts “3 , 1 5 
σερ- 2} 


For all values of x other than zero we may cancel x? from numerator 
and denominator, giving 


Si: talaad in (<a) (x +0). 


Since x? > 0, the term (1 +2?) tends to zero, so that we have the 
formula S(z)=1 ἀφ). 

On the other hand, direct substitution in the given series leads 
to the relation §,(0)=0, 
so that S8(0)=0. 


; x a 2% 
The function S(2) sii BT al (i+a2" (+2237 ene 
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thus has the value S(x)=1 (x+0), 

ba 
It is therefore discontinuous at the origin. 


3. Uniformity of convergence. The concept of uniformity; 
at which we have arrived, may be exhibited from several points 
of view; in particular, the problem of continuity raised in the 
preceding paragraph gives an excellent example of just how it is 
forced upon us. Consider, more generally, the series 


U(X) + Ug(%) + Ug(X) +... 
with nth partial sum S,,(z,) at a particular value 2 Ξε 0» where 
S,, (aq) = Uy (Xp) + Uo(%p) + --- +Un(%o)- 


If S,,(%9) approaches the limit S(v,) as tends to infinity, then, 
given ¢, there exists a number N such that 


le ' | S(%p) —S,,(%o) | “6 
whenever n> JN. 

Suppose now that the series is also convergent for a value x 
fairly near to x». Then, given ε΄, there exists a number M/ such that 


| S(x,) -- 5. (2) | <e’ 
whenever n> M.. 
We assume that w,(x), up(x), ... are continuous functions of x in 
a certain interval a<a<b containing 2), z,. It is easy to prove 
directly from the definition of continuity that the sum of the finite 
number of terms 
S,,(&) ἊΣ U(x) r Ug() +... + U,,(%) 
is also continuous. Thus, given ἡ, there exists a number ζ such that 
; | S,.(%) —S,(%9) «ἡ 
whenever | 2,—2 | « ζ. 
(At first sight we seem all set for the argument, expressed 
informally: 
ΟἼΟΥ Ὧν S,(%) = S§,(%) ~ S(xo); 


( 
(convergence) ὼ (continuity) (convergence) 
so that, regarding x, as given and 2, as approaching it, 


S(x) > δία); 
hence (2) is continuous.’ 
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But there is a flaw in the argument, as we must now explain by 
expanding it in detail.) 
We regard x, as given and x, as varying to approach it. The 
inequality, 
wee | (az) — S,(az9) | «ε 
whenever n> JN, is already established, but the next step requires 
care. It is true, as stated, that 
| S(@,) —8,(a) | <6" 
whenever n> M, but that value of M depends, in general, not only 
on ε΄ BUT ALSO ON 2,, and this dependence may cause trouble. For 
the admittedly finite number M cannot be regarded as given; it 
may be forced to increase as x, varies approaching 2», and, in 
awkward cases, that increase may carry it above any preassigned 
number, however large. 
We may follow this process for the series 
a x ΔΝ 
ietase tose 
already quoted. Write x,=0 and let x, be a number close to zero. 
For given ς΄, there exists indeed a number M such that 
| S(x,) —S, (2) | «ε΄ 


whenever n > J; for, since (as proved) 


1 n 
8,(e)=1- (73) 


and S(x,)=1, 
1 
the ; ΞῊ ἢ ; 
e inequality is (tay <° P 
so that (1 +22)" > 1/e’ 
»-- log (1{ε) 
log (1 +27) 
We therefore take MV sufficiently large to ensure that 
log (1/e’) 
ia log (1 +23)’ 


But as x, approaches zero, the value of log (1 +2?) also approaches 
zero; and so the value required for M increases without limit, 


carrying n with it. 
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To enable us to avoid such problems, where M increases without 
bound, we introduce the concept of uniformity, with the definition: 

The function S,,(x) is said to CONVERGE UNIFORMLY fo S(x) in a 
given interval a<x<b if, given e, a number N(e) can be found 
INDEPENDENT OF καὶ such that, whenever n is greater than N, the 
ery | S(z)—S,,(x) | <e 


holds for all x satisfying the relation a<x <b. 

It is now easy to establish a condition for the continuity of the 
sum S(x), which raised difficulties in the preceding paragraph: 

I 

f S,, (x) =u, (x) + u(x) +... Ἐπ, (α), 

where u;(x), U(x),... are continuous functions of x, and if S,(zx) 
converges UNIFORMLY to the function S(x) in the interval α «« «ὃ, 
then S(x) is a continuous function of x in the interval. 

To prove this, let ε be a given positive number. By the uniformity 


of convergence of S,,(x) to S(x), there exists a number JV (e), in- 
dependent of x, such that 


| S(x) —S,,(2) | < he 


whenever n> WN and a<2<b. Take, say,n=N+1. 
Now Sy,.,;(x) is the sum of a finite number of continuous terms, 
and is therefore itself continuous. Hence there exists a number { 


h that 
= | ϑνμίαυ) — ϑν μία) | < Fe 


whenever | z,—2z,|<{. The uniformity inequality then gives, for 
the given 2, and for such a value of x,, the two relations 


| S(%o) — Sy41(%o) | < fe, 


| S(%) — Syv4a(%1) | < fe. 
Thus 


| S(x1) —S(x») | 
= | {S(x1) — Sy41(21)} + {Sy 41(%1) — Sy1(%)} + {Sy41(%) — S(a»)} | 
< | S(x1) — Sy43(2,) | + | Syy41(%1) — Syi3(Xp) | + | Sy41(%) — S(%9) | 
<te+he+te=e. 


The function S(x) is therefore continuous at each point of the given 
interval α «ὦ «ὃ. 
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It is important to observe that a function S(x) defined as the limit 

of a sequence {S,,(~)} may be continuous even though the convergence vs 
not uniform. We exhibit this phenomenon by an illustration. 


ILLUSTRATION 1, 70 verify that the function 
S(x) = lim S,(2), 
no 


where S,,(2) = nze™, 
is continuous at the origin although S,,(x) is ΝΟΥ uniformly convergent 
in any interval including t. 


When z is not zero, 


᾿ NL 
no 
NX 


= im pnt ee 
= (. 
Also we have, for all values of n, the equality 
8,,(0) = 0, 
so that S(0) = 0. 


Hence S(x) is continuous at the origin. 

On the other hand, we require, for uniformity of convergence in 
an interval including the origin, the condition that, given Ἢ, there 
exists N(e), independent of w, such that 


|S(x) —S,,()| < ε 
whenever n > JN. Since S(x) = 0, this condition is 
|nae-™*"| < ε. 


Now if, tor any V proposed, we were to take the values, say,n = 2N, 
ῳ = 1/2N this would involve the inequality 


(2N) (1/2) e-¥2" < ε, 
or e-V2N < ες, 


But if N > 1, then e-¥2% > e-4; and so the inequality e-124 < ¢ can- 

not be satisfied for small e. Hence the convergence is not uniform. 

Norn. The moral of this illustration is that the condition of 

uniformity of convergence is quite a severe restriction on a sequence. 

A series may very well have a continuous sum without satisfying 
8 MIV 
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the condition of uniform convergence, Conversely, however, 
uniformity does imply continuity. 


ILLUSTRATION 2. The function x”. The way in which the concept 
of uniformity enters into apparently simple problems may be 
illustrated by means of the sequence S,,S,, S3,... defined by the 
relation 


S,,(x)=2” 
in the interval (0,1). When 0<2<1, the limit of z” is 0, so that 
S(z)=0 (0<a2<1). 

On the other hand, S,(1)=1 always, 
so that 
S(z)=1 (a#=1). 


The diagram (Fig. 148) illustrates the 
curves 
y=x" 


y 


for n=1, 2,3,4,..., and it is seen that, 
as ἢ becomes larger and larger, the 
curves tend to ‘settle into the corner 
OMA’; for very large n the curve lies 
close to the z-axis from O till very near 
to M, after which it climbs steeply 
towards A(1,1) as x approaches the value 1. 

Take any particular value of x, say x=, close to x=1. Let P 
be the point (p,0); suppose that the straight line x= meets the 
curve y=” in the point Q,, and the straight line y=1 in R. For 
any given value of n, the value of p” is represented by PQ,,, and the 
‘rise’ which the function has to make in order to reach the value 1 
at x=1 is represented by Q,, R. 

Now the point about the non-uniformity of the convergence of 
x" to its limit is this, that, as increases, Q,, ‘falls’ towards P, 
leaving an ever-increasing ‘rise’ required to reach the level of A; 
and this difficulty is not avoided by moving P closer to M. So long as 
P is not actually at M7, the point Q, will move down and the ‘gap’ 
lengthen as n increases. 

As n tends to infinity, x” tends to the function f(#) defined by the 


relations da when O0<2< 1, 
fQ)=1. 


Fig. 148 
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The uniform convergence of x” in the interval 0 < x < 1 would 
require that, given ε, a number N(e) could be found such that 
jz"—f(x)| <€ 


for all x such that 0 < 2 < 1 and for all m > N. In particular, it 


would require ah e’ 


for all x such that 0 < x < 1 and for all n > N. This inequality 
oe nlogx < loge, 
or, since log x and loge are both negative, 


— log € , 
log x 
But loga—>0 as x->1 and so this inequality cannot hold for all x in 
the interval 0 < 2 < 1 when n exceeds any stated N whatsoever. 


The convergence is therefore not uniform in the interval 0 < x < 1. 


EXAMPLE 
Consider similarly the sequence for which 
S,(%) =2"(1—2") 


in the interval (0,1). Show that S,(7)—0 for all values of x, in- 
cluding the end-points x=0 and x=1, but that the convergence 
is not uniform. Draw the graph 


y=x"(1—2"); 


show that y has a maximum value of } when x= 1/72, and indicate 
how this illustrates the non-uniformity. 


4. Integration* of a function defined as an infinite series. 
Our dealings with a function S(x) defined by means of the infinite 
ar S(a) =u, (x) + uo(x) + Ug(x) +... 
will be concerned, not only with continuity, but also with differ- 
entiability and integrability. It turns out to be more convenient to 
begin with the latter: 

To prove that, if u;(x), uo(x), ... are continuous, and if the infinite 


γον. Uy (XL) + Up(%) + τιᾳ(4) +... 


* See the note on p. 109. 
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converges UNIFORMLY to S(x) in a certain (finite) interval, then 


[ise dx -{° U(x) da + [usa dx + [us dx+... 


for a range of integration (p,q) lying within the given interval of 
uniform convergence. 
We say that the series is then integrated term by term; briefly, 


ix Σ u,(2)| de=> Ϊ “α) de. 


Suppose that ¢ is a given positive number. By the definition of 
uniform convergence, a number NV can be found, independent of x, 
such that 


| S22) — a4 (at) — g(t) — ... — tty (2) | <e 
for alla > .N. Thus we may write S(z) in the form 
S(x) =u,(")+...+ Un(X) + Yn (2); 


where | 7,,(2) | <¢ whenever n> WN. Hence 
ᾳ ᾳ 
| S(x)de=| uy(a)de+...+ ["uy(a)de+ ["n(2) de, 
Pp Pp » p 
where, since | 7,,(7)| is less than ¢ for all x in the interval simul- 


taneously, - 
[ent ae 


Since ε may be chosen arbitrarily small, and the value of n then 
selected to exceed the consequent value of NV, however large, it 
follows that 


ἤινοως Pane fee. 


« ε(ᾳ --»). 


CoROLLARY. The series 


[ζῶ αις [μη αι. 


converges uniformly to “s (ἢ) dt. 
This is essentially the step 
4 
[ n(x) ἀπ᾿ « ε(ᾳ --») 
of the above proof. 
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Since U(X) + Up(X) +... 


converges uniformly, the sum S(x) is a continuous function of z, 
and so (Volume 1, p. 87) the function 


F(a) = [-swae 


has differential coefficient F’ (x) =S(z). 


5. Differentiation* of a function defined as an infinite 
series. To prove that, if uj(x), uz(%),... are continuous functions 
of x, and if the infinite series 


U(X) + U(X) +... 
converges to S(x) in a certain interval, then 
8'(w) = uj ce) + uh (ae) + glee) +... 
whenever the series on the right converges uniformly. 
The series is then said to be differentiated term by term; briefly, 
d 2 od 
Fei) = Ez tH. 
We are given that, for a certain interval, 
U5 (x) + U5 (a) + U3(%) +... 
converges uniformly, say to a sum g(x). Thus, by the preceding 


theorem, since w}(¢), w(t), ... are continuous, 


jo at [us dt + ἣν ub(t) ἀν +... 


= {ty (5) — Uy (p)} + {Ua(%) — Ua(P)} +--+ 
Now we have, by definition of the partial sums, the relation 
{uy (2) — Uy(p)} + {ue(%) — τις(}}} + ... + {Un(2) — Up(P)} 
= ε(α) -- Κ., (5) 


and we know that the limit of the difference 5. (5) --- 5.2) is equal 
to the difference S(x)—S(p) of the limits. Hence, for the infinite 


series, {u,(x) —u,(p)} + {uo(x) — ue(p)} +... =S(x) —S(p). 


* See the note on p. 109. 
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Thus z= 
[ g(t) dt = S(x) —S(p). 


Since σία), being the sum of a uniformly convergent series of 
continuous functions, is continuous, it follows, by the remark at 
the end of the preceding paragraph, that 


g(x) =S' (x), 
so that S’ (a) = uj (x) + Ug (X) + Ug (2) +... 


6. Tests for uniform convergence. It is often a matter of 
some difficulty to decide whether or not a given sequence or series 
converges uniformly. Sometimes the negative answer can be 
obtained directly by a contradiction of the definition itself, and this 
possibility should always be kept in mind. We give, more positively, 
a brief account of one well-known method for establishing uni- 
formity of convergence. 

The tests available for a sequence may be expected to be 
simpler than those for a series, since an explicit formulation for 
the sum of a series may not be obtainable. We therefore begin with 
a test for a sequence, remembering that it can always be used for 
a series in which the sum to n terms is known. 

Tur ‘MAXIMUM VALUE’ TEST FOR A SEQUENCE. Suppose that 
a sequence 31, S,, S3, ... is such that 


S,(2) > S(a) 


for each value of x in an interval a<x<b. Denote by U, the 
greatest value for given n of | S(x) — S,,(x) | in the interval. We prove 
that the sequence is uniformly convergent to S(x) if, and only 1}, 


U,,>90 
as n>. 
(i) Suppose that the convergence is uniform. Then, given ε, we 
can find N(e), independent of x, such that 


| S(w) —8,(x) | <e, 


for all x satisfying the relation a<a<b, whenever n> WN. But U, is 
a value (the greatest, in fact) of | S(z)—S,(x)| in the interval, so 
that, in particular, ΡΥ 

n 


for n> N. Thus U,, > 0. 
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(ii) Suppose that U,—0. Then, given ¢, we can find NV(¢) such 
that δ ze 
whenever n> NV. But, by definition of U,, 
| S(z) — 8, (ae) | «Ὁ, 
for all values of x in the interval. Hence 
| S(x) —S,,(x) | <e 
independently of z, so that the convergence is uniform, 
ILLUSTRATION 3. T'he sequence nxe~"™*. If 


S,,(x) =nxe"™, 


then (p. 113) S(x)=0. 
Thus | ϑ(α) —S,,(«) | =nxe-™=" 
for «> 0. 
Write y =: ner? 
so that y’ = ne"=* — In2z%e—na* 
= ne-"™(1 — 2nz?), 


Hence y has a turning value when x=,/(1/2n), and it is easy to 
verify that y is then a maximum. Thus, if U, is the greatest value of 
| ϑ(α) —S,,(a) | for given w, then 
U,,=n./(1/2n) e-4 
=e-t,/(n/2). 


Thus U,, does not tend to zero, and so the convergence is not 
uniform. 
A similar argument holds when z is negative. 


A useful test to decide that a series is uniformly convergent, is 
provided by WrrersTRASS’s ‘M-tTEsT’: 
The series 
Uy(X) + U(X) + U(X) +... 
is uniformly convergent in a given interval if there exists a series of 
POSITIVE CONSTANTS 
TSM +Myt+ M+... 


with the properties that (i) the series M, + M,+ M, +... is convergent; 
(ii) | w,,(x) | <M, for all values of n (save, possibly, a finite number at 
the beginning) and for all values of x in the interval. 
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Given a positive number ε, we can find a number Ν᾽ (ε) such that, 
for all values of πὶ greater than Ν, 
My + Maza t+ Mngt +++ <@ 

Thus | Un 4a(%) + Unyo(%) +... | 

S | Unzr(%) | +| Unyo(%) | +... 

<M ii + Myiet-- 

«ε 


independently of x. Thus the given series is uniformly convergent. 


REVISION EXAMPLES XIX 
1. The function F(z) is defined for real values of x by the equation 


F(x)= [τε Tae 

Prove from the definition that F(x) is a continuous, odd function, 
strictly i increasing as x increases. 

By expressing the integrand in the form 

ie tai sia: ie om 
[ppt B+t—...+(— + Ral, 

prove that, for —1<z<l, 

2. Show that the series 

1 
1—#8+-—f+... “Tin 


is not uniformly convergent in the range 0<i<1, but that it can 
nevertheless be integrated term by term over this range. 


Evaluate 1 dt 
Rex 
and deduce that 
1—}4+4-A +... ={a+ 3tlog 2}/38. 
3. Prove that the sequence 
gr — grt 


1+27" 
is uniformly convergent when 0<2< 2. 
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Is a? 
1+a2 
uniformly convergent in the same interval? 


4. Show that 1—2*" > 2na"(1—2) 
when 0 <2 <1, and hence that the series 
> x"(1—2z) 
n=1 2(1 —2*") 


is uniformly convergent in the interval 0<2<1. 


5. Given that the series Σ a, is convergent, prove that the series 
oie ait 
r=o Τ' 
is uniformly convergent in every interval 0<2<X. 
6. Show that the infinite series 
sr Ane 
n=1 1” 
converges uniformly for all real values of x if p>1. 
7. Investigate the uniformity of convergence of the series 


for 0<2x<1. 23 
8. If S,,(x) =n?x"(1—2)?, 


determine the values of p for which, as noo, S,,(x) tends to zero 
uniformly for 0<a<1. 


9. Discuss the uniformity of convergence in the interval 
0<2z<1 of the series © (1 —z) 
n=1 ΝῺ 4 
ee 
(1 + nx?)?’ 
find the range of values of p for which s,,(x) tends to a limit as n 
tends to infinity, uniformly in 0<2<1. 


10. If 8,(x)= 
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11, Prove that, if 
0<a, <1. (n=l, 2, 3,...) 
and Ay +Ag+Ggt 
is convergent, then αὐ τ αὐ τ αξ ... 


converges uniformly with respect to r for r>1, and that its sum 
tends to zero as 7, -Ὁ +00. 
Prove that, if r is an integer, 


lim Σ᾿ sint =), 


r>+on=1 2n 
12. State and prove sufficient conditions that 


{’ Jim 5.) d= lim [ste de. 


Ifa=0,b=l,and = 8,(x)=n?(1—2z) 2", 


find for what values of p (real) (i) the conditions are 2 anne 
(ii) the above equation holds. 


13. Show that the series 
E (1-2) {(n— 1) a —ngntt} 


is uniformly convergent in the interval 
O0<x<1-é (0<d<1) 


but not in the interval 0<z<1. 
If S,,(x) is the nth partial sum of this series, show that, for every 
n> 1, a value of x such that 0 <2< 1 can be found for which 


| S,,(x) | > 2. 
14. Discuss the convergence and uniform convergence of the 
series ὰ 
143 x"(x—1) 
n=1(1+2a") (1+a"*) 
in the interval 0<z<1. 
| n 
15. If fn() = a8 
prove that lim f,,(x) =0 
no 
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uniformly for all real x, but that 
lim [“ f,(a) dx+0. 
προς -- 
NX 
If Jn(%) 7 cal 
1 
prove that lim Ϊ σ,(α) dx Ξεῦ, 
προ 0 
and that lim g,,(x)=0 
n>o 


for 0<#@<1, but not uniformly. 

16. Prove that the infinite series 

Σ [sin (παν) 

converges uniformly in the interval 0<z<1-—é<1. 

17. If S,(x) is the sum to n terms of the series 

x(a%—1) 4. x(2a—1) 

(1) (ας -- 1) (2 - 1  (w+1)(2%+1) (85 -- 1) 

x(3a—1) 


ἼΘΙ κρήνωΣ 


+ sees 


show that, forz>0, S,(%)>S(x)=5—_, το +1) 


+ 
What is the significance of the last result? 


aa n->00, but that s(;) -} — 
7 7 


n 
n? + (a2—n)?’ 


prove that S,,(x) converges to its limit S(x) uniformly for all values 
of x, but that 


18. Given that S,, (x)= 


lim [° suardes [- see)de. 
19. Prove that, if 
a(t) + tal) =(e—1)8,(2), 
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then (i) the sequence s,,(x) converges uniformly for x > 1+ for any 
positive δ, but not for x>1; (ii) the sequence t¢,,(z) converges uni- 


formly for x>1. 
20. Show that if Σ | ~,(x)| is uniformly convergent in an 
n=1 
interval [a,b], then so also is δὴ w,,(z). 
1 
By taking εἰ, (“) =(— 1)" (1—2?) a” and [0, 1] for [a, Ὁ], show that 
it may happen that > u,(x) is uniformly convergent in [a,b] and 
1 
Σ | w,,(z)| is convergent for all « in [a,b], but = [,(4}} not 
1 
uniformly convergent in [a, 6]. 


2 x 
21. Prove that Σ (πα Ὁ ἡ {(n+2)2+1} 


in >0 for all d>0, but is not uniformly convergent in z>0. 


is uniformly convergent 
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CHAPTER XXV 
POWER SERIES 


1. Introductory. A series in the form 
Ag + 442+ G92" +a,2°+..., 
where the coefficients ay, a,, ας; ... are constants, is called a POWER 
SERIES, and, when convergent, defines a function S(z). The coeffi- 
cients and the variable z are, in general, complex; for real series 
we shall often denote the variable by the letter z. 
It is possible to have power series which converge 
(i) for no value of z except z=0; | 
(ii) for a limited range of values of z; 
(111) for all values of z. 
Typical (real) series are: 
(i) 1+ (2x)?+(4x)*+...4 (2rx)r +... 
For a given non-zero value of x we have 
ur!" = (2nx)? = 4η3χ3, 
so that ulin» co, 
Hence, by Cauchy’s test (p. 85), the series is not convergent 
except for x=0. 


(ii) l+a+a?+...+a7+..., 
which, as we know, converges for all values of x in the range 


—-l<2z<l, 
but not otherwise. 
=e xt x all 
(iii) Lt at state tap tee 
For a given (non-zero) value of 2: we have 
Ἔν ΡῈ 
Uni, αν’ 
80 that ~~ 00, 
Un+1 


Hence, by D’Alembert’s test (p. 84), the series converges for all 
values of x. 
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2. The radius of convergence. Suppose that the power series 
Ag+ G,2+ag27+... 
is known to converge for a certain value Z, so that the series 
Ag+a,Z+a,Z*+... 
is convergent. We prove that the series converges absolutely for every 
value of z such that \2|<|ZI. 


If the series converges, the terms are necessarily bounded; let 
M be a number which exceeds the greatest of the (positive) numbers 


| a |, |a,Z|, |a,Z*|, eeey 


so that, for all n, |a,||Z|"<M. 
We therefore have the inequality 
|@,2"|=|a,||z|* 
Ζ 
<M Z 
Now the series  M/14|2|4/2/'4 
Ow the series + Ὁ 7 oe 


is convergent, and so, by the Comparison Test, the series 


| 4 | +| 4,2] Ὁ} a22*| +... 
also converges, so that the given series 
Ay +A,2+A_2*+... 
converges absolutely. 

We can prove, by easy extension, that, if the series is known to 
diverge for a certain value Z, then it diverges for every value of z 
such that 

|z|>|Z]. 


For if the series converged for the value z, it would, by the 
preceding theorem, converge also for the value Z, since 


\Z|<|z]. 


But this contradicts the datum of divergence for the value Z. 

We are now in a position to define the radius of convergence of 
cod dai pain Ag + G42 + dg27+A,2°+.... 
If we exclude for the moment the two cases in which the series 
(i) converges for no value of z except zero, (ii) converges for all 
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values of z, then we have a series which is known to converge 
for certain values of z but not for others. Further, we have just 
established that the moduli of the values for convergence cannot 
exceed the moduli for non-convergence. It follows (but the proof 
requires deeper theory than we have at our disposal, and will only 
be sketched informally) that there exists a nwmber R such that the 
serves converges whenever lz|<R 


and diverges whenever |z|>R. 


The behaviour for | z | τε Καὶ requires particular examination for each 
individual series. 

To indicate the method of proof, let us suppose that the series 
converges inside the circle |z|=p and diverges outside the circle 
|z|=g. Then, necessarily, pay 


If p<q, consider a point z=€ on the circle |z|=}(p+q). If the 
series converges for ζ, it converges for | z|<4(p+4); if the series 
diverges for ¢, it diverges for | z| > 4(p+q). The ‘gap’ g—p between 
the radii for convergence and divergence has, in either case, been 
cut by half. Proceeding in this way, we can steadily diminish 
the ‘gap’, halving it at each step. It thus shrinks to zero, so that 
the regions for convergence and divergence are separated by the 
circle which we have called | z|=R. 

The number # is called the RaDIUS OF CONVERGENCE of the 
given series. The word ‘radius’ is, of course, drawn from the 
representation of the complex variable z in an Argand diagram. 
The series converges for all values of z within the circle | z| τε and 
diverges for all values outside, with the possibility of either con- 
vergence or divergence on the circumference. The circle | z|=R is 
called the CIRCLE OF CONVERGENCE of the series. 

It is convenient to say that a series which diverges everywhere, 
except for z=0, has zero radius of convergence, and that a series 
which converges everywhere has infinite radius. 

Analogous definitions may be given for a series 


Aq + Ay(% — %) + Ay(z —2%q)* + a5(z—Z)* +..., 


centred, as it were, upon the fixed point z, rather than the origin. 
The substitution stunt 


brings it to the earlier type. 


128 POWER SERIES 


3. Two formulae for the radius of convergence. The con- 
vergence tests of D’Alembert and Cauchy for series of positive 
terms serve to derive two formulae for the evaluation of the radius 
of convergence R of the series 


Ag + G4 2+ 4927 +4527 +.... 
The series of moduli is 
| @y|+|@,|]2|+] a2] {25.-Ὁ} ας [25 +... 


(i) Usz or D’ALEMBERT’S TEST. Since 


Un _ _|%n[|2|"_ 
Unit Bit | - (am 
| ed |2 
αι [15 
the series of moduli converges if 
lim | 55. 5 eB 
no ὦ, εχ} [5 
or |z|< lim ET} 
n>o |Fn+4 
provided that the limit exists. 


The given series converges for all values of z for which this 


inequality holds, and so, by definition, the radius of convergence 


is given by the formula ἐς 
R= lim |— 


nwo | Uniy 


provided that the limit exists. 

If this limit is zero, the series converges for z=0 only; if it is 
‘infinite’, the series converges for all values of z. 

(ii) Us or Cavcuy’s Trst. Since 


Un” =|4_|""|2|, 
the series of moduli converges if 


lim | a, |¥"|z| <1, 
no 


or |z|<lim|a, |-™, 
no 
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provided that the limit exists. Hence, as for D’ Alembert’s test, 
R=lim | a, |-™”, 
n->o 


provided that the limit exists. 
If this limit is zero, the series converges for z=0 only; if it is 
‘infinite’, the series converges for all values of z. 


4. Uniformity of convergence. Suppose that the series 
Ag + 012+ a2" +... 
has radius of convergence R, so that it defines a function 
S(z) =a) +a,2+a927+... 
for all values of z for which |z|<R. The series may or may not 
converge for | z|=R. 

Let us, to avoid uncertainty at the value R itself, fix a positive 
number r of value definitely less than R though possibly close to it. 
Thus 

r<R, 
and S(z) is defined whenever 
[2| <r. 

We prove first that the power series converges UNIFORMLY for all 
values of z such that |z|<r. This is, in fact, an immediate con- 
sequence* of Weierstrass’s M-test (p. 119); for the modulus 


|a,,2"| of the term a,,z” is less than or equal to the corresponding 
term | a,,| γ of the convergent series 


[ 49} +] a|r+|ag|r+..., 
and so the uniformity of convergence is established. 
CoroLLary. The function S(z) is a continuous function of z when 
[2] <r. 


This is merely a particular case of the more general result proved 
on p. 112. 


5. Integration and differentiation. We restrict the work of 
this paragraph to series in which the variable z is real and therefore 
denoted by the letter x. The theory on which we shall lean (pp. 115-8) 


* It is easy to confirm that the proof given for this theorem holds whether z is 
real or complex. 


9 MIV 
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was established for real variable only. Similar results do, indeed, 
hold for complex z, but they involve the ideas of differentiation 
and integration with respect to a complex variable, which are not 
considered in this book. 
(i) THE INTEGRATION OF THE (REAL) POWER SERIES 
S(x) =a) +a,%+4,%7+.... 


If & is the radius of convergence, and r any number such that 
r<£, then (p. 129) the series is uniformly convergent for | #|<r 
and therefore (p. 115) integrable term by term. Hence 


[i Sedt=age + aya" + aya? +. (|z|<R). 


(ii) THE DIFFERENTIATION OF THE (REAL) POWER SERIES 
S(x) G9 +4,%+a.27+.... 


In order to show that the power series may be differentiated 
term by term, it is necessary (p. 117) to establish the uniform con- 
vergence of the differentiated series. By Weierstrass’s M-test, this 
would follow from the convergence of the series 


|@,|+2|a.|7r+3|a,|r?+.... 
Since r < R, πο ὅδε find a nuniber s mich that 
r<s<R. 
The inequality 8 « R gives the convergence of the series 
|@o|+|a,|¢+|ag]s?+.... 


Hence the terms of this series are bounded, and so there exists a 
number & such that 


|a, |3"<k 
for all values of n. Hence 


nla, |r (i) 


8 
so that the terms of the series 
|a,|+2|a,|7r+3]a,|r?+... 
are less than the corresponding terms of the series 


10.0.0. 
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But this series converges by D’Alembert’s test (p. 84), since 
Ba es ey Β μὴ 
"οὐ nrotmtl\r] ΓΚ 

>1l (s>r). 

The series Q, + 2d,%+ 34,2" +... 
thus converges uniformly to S’(#) for [2] <r, so long as r < R. 
Hence the series 

Ay + 2a%+ 3agx* +... 


converges uniformly to S’(x), with the radius of convergence R of the 
given series. 

This result may be applied inductively any number of times to 
obtain the successive differential coefficients 5" (5), 8. (4), .... by 
term-by-term differentiations of the corresponding series. 


6. The sum of two series. Let 
S(z) =Qy)t+4,2+a,27+..., 
T(z) =bo+6,2+6,27 +... 


be two given series with radii of convergence A, B respectively. 
Then each series converges for values of z such that 


|z| <r, 


provided that γ «Α, γ «8. Thus (p. 80) the two series can be added 
term by term for values of z within the SMALLER of the two circles of 
convergence, so that, in that region, 


S(z) + T(z) = (ἀρ + Bp) + (@, +61) 2 + (Gg - δ.) 27+... 


7. ‘Equating coefficients.’ Suppose that a function S(z) is 
represented by two distinct power series 


S(x) =a) +a,%+a4,27+..., 
S(x)=b)+6,2+6,27 + eee 


with (non-zero) radii of convergence A, B. ΤῸ prove that corre- 
sponding coefficients are equal, so that 


Ay=bo, a,=b,, αςφεῦ,, 
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By the result proved in §6 we have, for |z|<A, [5] «Β, the 


relation (dba) + (4 — by) + (dg — Bg) 5... 
= S(x)+{—S(x)} 
=0; 

say CotCyX+C,27+...=0. 


Differentiating term by term, and so restricting this proof to real 
values of x (compare p. 129), we obtain successively the relations, 
all true for | «| <A, |x| « Β, 


C+ 2Wyx+ 3¢,27+...=0, 
30,1 3.2c,a+ 4.3c,z2+...=0, 
3.2¢3+4.3.2¢,4+5.4.3¢,27+...=0, 

and so on. Putting x=0 in these identities, we obtain the relations 
Co=0, €,=0, c.=0, co=0, ..., 


or ἄρ ΞΞ bo a, = b, a, = ὃς, ag = bs, +eee 


8. The multiplication of power series. Let 
Ag +, Z+A927+..., 
bo t+ b,2+ b,27 +... 
be two power series each convergent within the circle |z|=p, so 
that the radius of convergence for each is not less then p. We 


prove* that, if A, Bare the sums of the series for a given value of z 
(|z|<p), then the series 


Coty Z+Cy2*+..., 
where C,=4)b,+4,5,_,+ ese + a,b, 
also converges, toa sum C= AB. 
hissed | a, |=, |b, | =A, |z|=r. 
Since r < p, each given series converges absolutely, so that the series 
PBHAy+Q,r+aqr*+..., 
Q=fot+fyrt+ βρῆτε... 
both converge. 
Consider now the product P, Q,, of the partial sums of P, Ὁ, where 
Pn = (Gq tart... +a,7") (Bot Art... +f,7”). 


* The final step of the proof will be seen to have the limitation that z is real; 
but the result is true generally. 


MULTIPLICATION OF TWO SERIES 133 
Then P.O..«€ PO. 

Write Vr = Uf, + Of, t+ 0 +0,Bo; 
then P,Q, = Yor Vit t+. + Yn? + (terms in r™+!, 7242, songs 
If we put Ry = VotVirt---+¥n™, 
then (see also the note at the end of this section) 

Bn <PQns 
so that, since P,Q, < PQ, we have 
R,, < PQ. 

Since, then, {R,} is a bounded increasing sequence of positive 

terms, the limit R=limR, 
ΟΝ 


exists. Hence the series 
C = Cy +C,2+0,27+... 
= Agby + (αρὸ, + A, bq) z+ (αρδ, +415, +,b9)22+..., 


converges absolutely, since the moduli of its terms are equal to or 
less than the terms of the series yy +y ,7+Yor?+.... 
Moreover, since the series of positive terms 


Oy Bo + (% By + Oy Bo) P+ (%p fy + 8, + % By) 7? +... 
converges (to #), the sum of positive terms 
ty By + αρβιγ + Oy Bot + αρβ,νδ + αι, By r+ aor? +... 
with brackets removed also converges, so that the series 
Ag by + yb, z+ dy byz + dgbgz* +0, b, 27 + agby2? +... 


converges absolutely. But we proved (p. 92) FOR A SERIES OF REAL 
TERMS that, if it converges absolutely, then the terms can be 
rearranged while not affecting the sum. Hence, for REAL z, 


C=Cy + C12 +0927 +0522 +... 
= Uy bg + (db, + a, bo) z+ (gb, +416, - ας Ὁ) 22+... 
= bg + (dyb z+ a, byz+4,b, 2) 
+ (αρδ, 525 + dgbgz* + a, b,2* + a,b, 23 + a,b,24) +..., 


where terms bracketed are added to make up the successive pro- 
ducts ayo, (ἀρ +41 Z) (bg +012), (4g +012 +4922) (bp +b,z +0522), .... 
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Hence 


C'=lim (sum of first m+ 1 terms as arranged) 


n>o 


Slim (49 +@,2+... +@,2") (bp +b,24+... +5,,2%) 
nro 
=AB., 


The theorem as stated is true for complex terms, but the final 
step, as given here, has depended on an earlier theorem whose proof 
involved real terms only. The general case of that theorem is, 
however, easily established from the consideration that a complex 
series converges if, and only if, its real and imaginary parts con- 
verge. The present result then follows. 

Norz. The relationship between R,, P,Q, may be exhibited 
diagrammatically. We choose in illustration the case n = 3. The 
sixteen terms in the product P,Q, may be written in the form of a 
square: 

%pBo % Por Afr? ας Bors 
= ΄“΄ ΄ ͵ 
΄ ΄ ΄ 


΄ 
΄ 


ἀρβὶτ ay Bir ας fir> ας β,ν9 
4 Pi 


͵ Ps 
͵ 
΄ 


ae 
Oo Bgr® at, far? Gafhzr* ας β,ν 


΄ 
7 


a fers Bart aghsr® ας βιν 


The terms yo, ¥17, Y27?, Ὑ5372 are precisely the members of the four 
dotted ‘diagonals’. Hence 


R,, = sum of terms on dotted lines 
< sum of all the terms 
< P,Q... 
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Find the radii of convergence (possibly zero or ‘infinite’) of the 
following series: 


3 κω. κ 
(ΠΣ (305. net 


2. 1—42*+ 2,3 --ἶγ5.- ee... 
3. 227+ 2z4+ 3χ)8.. 428 +.... 


‘ e+ (5) +21(5) +31() +...+@—-m1(Z)"+ 


6. 2+ 323+ 525+ 727 +.... 


με 


. 1.1 χὉ---- 


4, 24+32+ 427+ 523+.... 


1. 2+(14+2)24+ (142?) 2294+...4 (L424) 2-7+.... 
z\* /s\* {πεν 25 2 # 
8. 1+2+(5) +(5) (Ὁ Presse δὲ atotgtgte. 


i 


22 
10. ες ἐπε 8 Ἐπ 11, 2+ 2222+ 33,8. 4γ4 


19. 24 (22, (δε), (ey! 


2! 3! 4! 
13. Prove that the series 
L+z+22+z2+ 
does not converge for any value of z such that |z| = 1. 
14, Prove that the two series 


Σ 355, (3-2) 
1 1 


cannot both be convergent for the same value of z. 
Find the values of z for which neither series is convergent. 
15. State whether the condition 


U,>0 as ἢ -Ὁ οὐ 
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is (a) necessary, (δ) sufficient for the convergence of the series 


(i) 2 Un» (ii) 21 Uy” (-l1<2z< 1). 
Prove the truth of each of your four statements. 
16. Prove that 


1+2xcos@ +2? cos 20+ ...+2"-! cos (n—1)0 


_ _1—xcos0 4. qn 008 (m — 1) —cosnd 
1—2zcos0 +2? 1—2xcos0+a2% ’ 


and examine the convergence of the series as ἢ -> 00. 
17, Prove that, if —1 < x < 1, then 


lim na” = 0. 
Prove that toy 
" _ &(1—2") (α - ὃ -- ααὴ) -- δα (1 —2) 
Σ (a+7b)a* = Sa eet 1 A 


Obtain the values of x for which the infinite series 
(a+6)x+ (a+ 2b) 2?+(a+3b) 27+... 
converges, and find its sum. | 
18. Prove that, if Xa,” converges when x = «, it converges 


when [ἡ] < |a|. 
Determine the real values of x for which the series 


Σπβω-- 1)», 


«παι e+ a+... 
converge. 


19. Determine the real values of x for which the series 


©. 1.3.....(2n+1) 
I 2.4.....2 δ μον ἢ 
converges, 
20. Find for what real values of x the series 
> (1 —2) (2—2) (3-2)... (n—2) 
ad 2"n! 
converges. 
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21. Prove that, ἘΣ U,, is @ series such that 
n=1 


᾿ ( 
Unit 


for all values of πὶ sufficiently large, then the series is absolutely 
convergent. 
Consider the convergence of the series 


1-τ-ὰ (1—a)(1—2a)__ (1—a)(1—2a) (1—3a) 
ἜΣ Ἤν 5.8 4. 


2 2 


-1)>k>1 


w+... 
when a is positive. 
22. Prove that, if the real power series 


Ay + A,X + Ayx* +527 +... 


is convergent when x = k, where k is positive, then it is uniformly 
convergent when wishes open 


Prove in this case that, if f(x) is its sum, then 
[sea = AyX+ 30,2" + laa +... 


(i) Find the sum of the series 
= 9) gents 


2 n(n + 1) (2n+3) 
when 2? «1. 
(ii) Prove that 
a (-- 1)ν-ὰ ᾿Ξ BENS ini 27/3 —9 
nai (2n—1)(2n+1)3" — v3 een See = ABs ..: 
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CHAPTER XXVI 


THE DEFINITION OF FUNCTIONS 
BY INTEGRALS 


The subject of this chapter is the definition of a function by means 
of an integral. We have already (Volume τι, p. 1) met an elementary 
example in the logarithm “Αἱ 

F (x) =| re . 


It will be noticed that, in the early stages, we lean heavily on 
intuition, quoting without proof results which require a much 
deeper study of analysis than we have at our disposal. It is hoped 
that, on the one hand, the existence of the gaps in the argument has 
been made clear, and that, on the other, the underlying principles 
have been made sufficiently intelligible for the reader to accept the 
omissions as reasonable. 

We begin with a preliminary theorem which is important in its 
own right. 


1. The first mean-value theorem for integrals. Let f(x) be 
a function of x, continuous in an interval α «ὦ «Ὁ. Suppose, too, 
that w(x) is a function, also continuous, which is posrrivE through- 
out the interval. To prove that there exists a number £, where 


a<&<b, such that ., Ἀ 
| Sle) u(e) dz = fle) | ᾿α() de. 


Since f(x) is continuous in the interval (a,b), it can be proved 
(but we regard it as obvious intuitively, for example, from a graph) 
that f(x) is bounded; so that numbers m, M exist such that 


m<f(x)< M. 


Divide the interval into n parts, not necessarily equal, at points 
where z assumes in turn (and increasingly) the values 


a = Xo; ζ1, Xo; “**5 Ln-—p Ln = b. 


Since u(x) is positive everywhere, 


n—-1 n—1 n—1 
m - U(%;) (44-2) < ~ F(%j) U(%;) μα παρ << M ~ U(X;) (X44 —%), 
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and, in the limit, 
b b ὃ 
m| wa) da < | fla) ua) de < | u(x) dx. 
a a a 


Hence there exists a number k between m and M such that 


| ; f(x) u(x) dx = kl u(x) dx. 


Now it can be proved, and we shall again regard it as sufficiently 
clear from graphical considerations, that a continuous function 
assumes in a given interval every value between its least and its 
greatest. If, then, we take m, M to be actually the least and 
greatest values of f(x) in (a,b), there will exist a number ἕξ between 
a and 6 such that fl=k 


b b 
Hence [ f(x) u(a) dx τ [(ξ) ἢ u(a) dx. 


CoroLtiary. By setting u(x)=1, we have the relation 


[ ferae=0-a J 


for some number & such that α « ἕ «ὃ. 

(The serious student will require to fill in the steps which we 
have treated intuitively, and a text-book on analysis should be 
consulted.) 


2. Functions defined by finite integrals with fixed limits. 
f(z, t) 
is a given function of two variables, x, ¢, then the integral 
ὃ 
[ fend, 
a 
where a, ὃ are constant, defines a certain function of 2, say 


b 
F(x)= Ϊ f(x, t) dt, 


for some range of values α «ὦ «β. 

The properties with which we are most concerned are those of 
differentiability (with implications of continuity) and integrability. 
We consider them in turn. 


If 
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(i) DirFERENTIABILITY oF F(x). Writing 


b 
F(e+n)={ fle+h,dat, 
we have the relation : 


F(a+h)—F(x)= Ϊ ᾿μα:λ, ἢ -- f(a, t)} at. 


Suppose now that the function f(x,t) is such that the partial 
differential coefficient τ f(x, t) exists.* By the mean-value theorem 


of the differential calculus, a number @ can be found, where 0 < @ <1, 
such that 


fle+h,t)—fle,t)=h2 κα oh, 1), 


v— b 
"οὐδ ΠΟΤ OR [ἢ καθ, tye 


Unfortunately, the number @ is not a pure constant, but its value 
depends on that of the parameter ¢. Hence difficulties about 
uniformity arise as we integrate from a to ὃ on the right-hand side 
and let h tend to zero. We propose to omit the deeper analysis 
required for a detailed study, but to regard as plausible what is in 
fact true, that, letting A tend to zero in the last equation, the 
differential coefficient of the function 


ὃ 
F(2)= Ϊ Ste,t)dt 
is, in normal cases, given by the formula 


F'(x)= | -- f(a, t) dt. 


This result will be used whenever required, and quoted freely. 

(ii) IntEGRaABILITY oF F(x). The function f(z, t) being given, as 
before, as a continuous function of z, ἐ throughout the region of 
values to be considered, we have seen (Volume m1, pp. 109-15) 
how to define the double integral 


{ΠΠα,ἢ dxdt 


* In this chapter, we shall confine our attention to the simplest cases only, 
and assume the existence (and, where necessary, the continuity) of all functions 
and their differential coefficients, 
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and also how to express it in the alternative forms of repeated 
= [de [fla,t)dt, [dt {f(w,t)de 


between suitable limits. In particular, if ¢ ranges from a to b, and 
if the integration of F(x) is from p to q, then the region of values is 
the rectangle a<it<b, p<x<q, and we have the formulae 


[efpenmefafneoa 


- | | flat) decdt. 
(rectangle) 
Thus, if F(z) ts the function defined by the integral 


Fe)={foe,t)de, 
then ['r@ax- Ϊ vd [1 t) da 


=| [rc t) dxdt. 
) 


(rectangle 


3. Functions defined by finite integrals with variable 
limits. Consider next the function 


F(x)= Ϊ ¢ fle, t)dt, 


where a is constant and w=w(x) is a function of x. We shall not 
require a formula for integration, but the formula for differentia- 
tion is important. 
We have 
ulz+h) 
Fa+h)={ S(xt+h,t)dt 
a 


μία) μία -Ἐ Ὁ) 
-| fla+h,tyats | f(x+h, t) dt, 
a u(z) 
so that 
z στὸ 
F(x+h)—F(x)= | ᾿ὕωτμ, ἢ) -- [(5, t)}dt+ | int | 


f(z+h, t) dt. 
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The first of these integrals can be dealt with exactly as indicated 
in §2(i), so we proceed directly to the second. The first mean-value 
theorem for integrals (Corollary, p. 139), gives the relation 


u(z+h) 
[io Heth dt= (ale +h)—w(a)} fle+h, 8), 
where é lies between u(x) and u(x+h). Hence, in all, 
τε (Mere ey woth wee 4,0, 
and, as h tends to zero, we obtain the formula of differentiation 
F'(x)= | — di-+w'(x) f(a, u). 


CoroLLary. Similar reasoning may be used to prove that, 
if F(x) is defined by the relation 
Fea)={"" fe, tat, 
u(x) 
then the differential coefficient F’ (x) is given by the formula 
Γ΄) -[Ξ oe Te nee! (2) f(@, v) — u(x) f(x, u). 


ItLustration 1. Τὸ find the differential coefficient with respect 
to x of the function a 
F@)={ (1+ 8235) dt. 

a 


By the above formula 
x 
F@)=| Gat? αἱ +- 3a?(1 + 3x7. a®) — 2a(1 + 3x? . a4) 
2 
= 2x(x* — αϑ) + 3x7(1 + 323) — 2a(1 + 32) 
= lla! — 8a? + 8.3 — 2a. 
In this simple case, we can check by direct calculation; for 
z zs 
F(x) = [] +2? [5] 
“ a 
= 23 --α +a — 28, 
so that Γ΄ (x) = 3a? — 22 + 11.109... 
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4. Functions defined by infinite integrals. The real work 
of this chapter is directed to integrals, now to be studied, in which 
the limits may be infinite. There is close analogy with the work for 
infinite series, and steps will often be set out in a similar way. 

Let f(z,t) be a continuous function of x, ¢, and suppose that, 


when z has a given value zp, the value of the integral |” SF (%p, ὃ dt is 
denoted by γί), so that 
τ 
ϑρίαῳ»-- | Κων, 
where a, T' are constants. It may happen that S,,,(z,) tends to a limit 
S(x) as Τ' tends to infinity; we say 
S(xq) = lim Sp(x9) 
T+2 


a | i Flos) dt. 


The existence of S(x,) requires that, if ¢ is any given positive 
number, however small, then there exists a number NV(e) such that 


| S(%) —Sp(%p) | «6 


whenever Τ' is greater than NV. 

THE ‘BOUNDING’ TEST for integrals. A test very similar to that 
given earlier (p. 82) for series may be established for integrals. 
Suppose that the function f(z,t) is always posirive. Then the 


integral r 
8, | fay tat 
is an increasing function of 7’, so that, if S,(x,) is bounded for all 
values of 7', the sequence {S,p(2,)} converges as 7'+>0o. Hence, 
if f(a, t) is positive, and if the integral 
T 
| ι 7(ς ἢ dt 
is bounded for all values of Τ', then the integral 


| "flat 
exists. 
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5. Uniformity of convergence for infinite integrals. Sup. 
pose that the integral ᾿ 
8,(6)- [“ ον δα 


converges for each value of x in a given interval. We say that 
the integral CONVERGES UNIFORMLY to a value S(x) for all values of a 
in the interval if, given ε, there exists a number Ν (6) INDEPENDENT 


OF x such that 
| S(z) —Sp(x) | <e 
whenever T > N. 
It is sometimes convenient to write this inequality in the form 


ΩΣ 


To prove that, if f(,t) is a function, continuous in the region of 
values considered, and if S,p(x) converges UNIFORMLY to S(a) in a 
given interval, then S(x) is a continwous function of x in the interval. 

Consider the two values 2p, 2) +A lying in the given interval, and 


the corresponding integrals 
| “Slee hyth dts [ nae, niger 


<é 


and | ᾿ f(x», t)dt= | é f (Xo; ὃ dt + {fe t) dt. 


Since the integral converges uniformly, we can, given a positive 
number ¢, take 7’ sufficiently large to ensure that 


[Pfeeo+anyat cis, 


[τῶυρὰ <te. 
Keeping this value of 7 (which, by uniformity, does not depend 
on ἢ), we can now choose ὦ sufficiently small to ensure, by the 
continuity of f(x, ¢t), that 


(ἀπ, +h, t)— ftw )|<3q— —a)’ 


so that [ {{{π0-Ὁ ἢ, t) —f (xp, t)} dt | « te. 
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Hence 
| δία +h) —S(29) | 


= Ϊ {Sloth t) — f(a», t)} dt + | “flea, tat [τας Hat 


< [μι t) —f (2p, ¢) a + Jif +h,t) au + ic t) a 


<4e+ e+e 
«ε. 


The function is therefore continuous. 


6. The (finite) integration of a function defined as an 
infinite integral. To prove that, if [{5, t) is continuous for values 
considered, and if the integral 


| . fle, t) dt 


converges UNIFORMLY to S(a) in a certain interval, then 


[tte fal foe 
aay efron} fal feo 


for a range of integration (p,q) lying within the given interval. 
Suppose that ε is a given positive number. By the definition of 
uniform convergence, a number Ν᾽ can be found, independent of x, 


such that ws 
(cr 
for all 7’ > N. Thus 


ἫΝ 
8(.)-- | “γα ἢ dt + nyla), 


where | 97(x) | «ε whenever 7» Ν. Hence 


[?steyae= "axl fee, tat} + [{ πεῖ), 


where | | U p(x) dx|<e(q—>p). 
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But, for constant p, ᾳ and a, Τ᾽, we have (p. 140) 


[α {ὑπορω- [fn 


Hienoe ['seeyae= Ϊ _ a [τ ‘da + [ined 


Since ¢ may be chosen arbitrarily small, and the value of 7' then 
selected to exceed the consequent value of N, however large, it 


follows that oe [oa | [- 3 “ἡ. 


CoroLLaRy. The integral 


[Safe 


is uniformly convergent (within the interval of uniform convergence 
of the given integral, assumed finite), and defines a function 


| ” '8(0)d0 
y 
whose differential coefficient is (4). 


7. Differentiation under the sign of integration. To prove 
that, of f(x, t) is continuous for values considered, and if the infinite 


integral - 
| * flst) 


converges to S(x) in a certain interval, then 
ee Dink 
8’ (x)= . Be dt 
whenever the integral on the right converges uniformly. 
It is given that 09 
Ta 
[ὰ 


converges uniformly, say to a value g(z). 
By the theorem of §6, with δύ δα in place of f(x,t), we have the 


relation [aerao—["at ["Sr0, t) dé 
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for any value of x in the interval (p,q) of convergence. Thus 


F000) a0= |" γχ,Ὁ-- ον, ja 
=S8(x) —S(p). 
Hence (remembering that g(x) must be continuous) 
S"(x) =9(2) 
” of 
~\raet 


8. A test for uniform convergence. The test which follows 
is closely analogous to Weierstrass’s M-test given earlier (p. 119) 
for series: 

If a function g(t) can be found such that 


[Pama 


exists and that | f(z, t) | <g(t) 
for all x (within a certain interval) whenever t >a, then the integral 
[κολα 
α 
is uniformly convergent. 
For we can, given e, find a number 7 independent of x, such that, 
for T’' >To, Ἢ 
| g(t) dt <e, 
T 
so that ΙΚΩ͂Σ < {| fet) | ae 
< | é g(t) dt 
T 
«ε. 


Hence the integral converges uniformly. 
Note as a COROLLARY which is sometimes useful that, if a positive 
constant M and a number k>1 can be found such that 


| f(a, t) | «ΜῈ 
for ts 4, then the δοιαὶ | F(a, t) dt 


is uniformly convergent. 
10-2 
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ILLUSTRATION 2. 7'o prove that 


© sin t 
ΕΝ 
This well-known integral illustrates several features of the 
theory, and the steps are given in detail. We begin with two 
Lemmas: 
(i) The integral i © et sint 
0 t 
is uniformly convergent for x > 0. 
Denote by M a large positive integer, and consider the integral 


Mr o—at αἹ 
Ry={ 6 sint 4 


dt 


1 t 
If N is the least positive integer exceeding 7/7, then 
NT ,--αὶ οἱ Mr p—a2t οἱ 
a | e—@ sin t dt Ϊ e- sin t dt 


t i t 
= M—1 ((r+1)7 ¢—2t sin ¢ 
ia at | ' 
T t r=N t 
(See the Note below for a point of detail.) 
Write 
t=717+U; 
(+1) 7 g—at gi —arn 
then [ay _ freee en), 
ra 0 17 + U 
* e-™sin u 
=(-—1)| - ----- du. 
(τ arate) 


Since 1/{e*"" (r+ 4u)} decreases as r porate (x being positive), 
the integrals under the sign of sumnistion ' = ‘have the properties: 


(a) they alternate in sign; 
(6) they decrease steadily in magnitude for x > 0; 
(6) they tend to zero as r tends to infinity for x 0. 


M-1 
If we denote the terms in the summation ΣΣ by the notation 
N 
Uy — Unis + Unig — Unig Ἐ...» 
then, by these three conditions, 


| Uy το Uy yy +Uyig—-.. | <| uy |, 
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Na et sint (N+1) 7 e-2 gin ὁ 


so that |R,|< ; fu ; 


For each integral, since x >0, 7'>0, t>7', we have 
ἘΠ ΚΙ, 41. 


| pre. 1 Γ[(ΝῈ1π 
Hence ἘΝ ΓΌΟΝ | sin ¢ | dé, 
and so we obtain, as an outside estimate, the inequality, indepen- 
COO Ms | Ry | <2n/T +0. 


The integral therefore converges uniformly. We denote its sum by 
S(x), so that 


Note. The working 


[ΞΞ ὙΠ eae 


dt= 

Na t 2 Νυγπ t 

carries the implication that the upper limit of the given integral is 
an exact multiple of z. But no essential limitation is involved; for 


the integral (r+1) 7 9—at gin t 
ore 
t 
in the form ἫΝ aaa (t=r7+4u), 
tends to zero as r tends to infinity. The integrand 
e* sin u 
e*" (γπ + μι) 


is positive throughout the interval, so that the numerical value of 
the integral is decreased if the upper limit 7 is replaced by any 
smaller positive number. Thus the integral still tends to zero, and 
the main theorem remains undisturbed. 
(ii) The integral ™ 
| e- sin tdt 
0 


is uniformly convergent for x >d> 0, where dis any positive number. 
Consider the remainder 


R, =|" e—™ sin t dt. 
= 
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We have |p| < [ e*| sin | αἱ 
r 


«[" e—* dt 
1 


e-2T 

< ss 
Μη 

οὐ 


Sa’: 


Since this inequality is independent of x, the integral converges 
uniformly. 

We first apply these Lemmas to the interval x >> 0 in which 
both integrals are uniformly convergent. The conditions (p. 146) 
for differentiation under the sign of integration are all satisfied, 
and so, differentiating the relation 


© gat sin t 


S(a) =| ; 
we obtain the equality 


S’'(x)= -[ e-*sin tat 


dt, 


— 
+a 


after an easy calculation. 
Hence S(x)=C—tanz 
for x >d> 0. Also we have, for large values of x, the inequality 


[S(e)|< [eat 


since | sint|<¢; so that | S(2)| <=. 

It follows that lim S(a) =0, 
22 

or C—4n=0, 

so that C= 4a. 

We therefore have the formula 


© p—at οἱ 
s(e)=| a dt = fn —tan-ta, 
0 


established for z>d>0. 
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Finally, we have proved that the integral S(z) itself (though not 
the integral giving its differential coefficient) is uniformly con- 
vergent for 2>0, so that S(x) is continuous at x=0; moreover, 
tan-t2 is also continuous at τεῦ, tending to the value zero. 


Hence 5(0) -- ᾳπ; 


Ὁ οἷ ἔ 
that is, Ἶ “τ΄ dt = ἐπ. 


9. The gamma (factorial) and beta functions. The Gamma 
FUNCTION Γία + 1), known alternatively as the FACTORIAL FUNCTION 
αἱ, is defined by the integral 


T(e+ sala | "reat. 


(Both names are in use; the gamma notation is probably still 
the more usual.) 

(i) Convergence. We must establish the convergence of the 
integral both at zero and at infinity. To do this, we split it into the 


two parts 1 pe 
| te dt, Ϊ ἐπε! dt, 
0 1 


and examine each in turn. 
We begin with 1 
er | ite dt, 
ὃ 
with 0 «ὃ «1. 
Now the integral is not convergent for ας —1. For when ¢ lies 
in the interval (6, 1), it is subject to the inequality 


tes) 
1 1 
so that | ite dt >| tte! dt 
‘rep 
=e a |,@+-» 
1 
af OOS, 
teri)” ae 
Ifa+1 < 0,say «+1=—y, where ἢ is positive, then the relation is 
1 1/jl 
- ὩΣ ues |! 
[te ere = i; 
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and the right-hand side becomes indefinitely large as -> 0, so that 
the integral does not exist for z < —1. The case x = — 1 is similar, 


but simpler. 
If, however, x > —1, we use the inequality 


tee (¢ > 0), 


εἰ 
ἮΝ τ im 1 ὍΣ ἐπ 71 
giving Ϊ 7 <i == aril, 
1 
LD ἢ 
(+1)! wre 
where the exponent x + 1 is now positive. Hence 
1 1 
- aera, 
[ee d< 


The integral therefore remains bounded as ὃ -» 0: moreover, the 
integrand ¢“e~ is always positive fort > 0. Thus (p. 143) the gamma 
function is convergent at the lower (zero) limit. 


Consider next T 
| t*e— di, 
with 7 > 1. ; ! 
Denote by k the (fixed) integer which is the first to be greater than 


both 1 and x. Then, when ¢ > 1, 
i? « t 
1 
ed 1+t+... +242) +... 
. 1 ᾿ (k+ 2)! 
{t*+2/(k + 2}}} gets ° 


= 


and 


Hence Het< eo) 


T 
so that i te-'dt < (64}} 
1 1 ἕ 


< (+2)1f1-7] 
< (k+2)!. 


The integral therefore remains bounded as Τ' -> co; also the integrand 
te is positive in the interval. Thus (p. 143) the gamma function 
is convergent at the upper (infinite) limit. 
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Hence the function 
το 
γε ηξαι te dt 
0 


has a value for each value of x, provided that x> —1. 


(ii) The ‘factorial’ property. The basic property, to which the 
name ‘factorial function’ is due, is expressed by the relation 


['(x+2)=(%+1) 0 (x+1), 
or (what is equivalent) (e>—1). 
(a+1)!=(x+1)z!. 
For (e+ 1)t= ["eeste-ae 
= [ ~ete]” +f (a+ 1) te dt 
=0+ ("+ 1) [eee 


=(x%+ 1)a!. ᾿ 


Note also that Pcs ole feat 
0 


=]. 
Hence if x is a positive integer, 
Γ(α Ἡ 1) Ξξ 5} Ξε χία -- 1) (ὦ -- 3)... 3.3.1. 
The BETA FUNCTION B(x, ψ) is defined by the integral 
1 
Biz, y)= Ϊ f-1(1 — ἣν dt, 
0 


By reasoning similar to that just given for the factorial function, 
we may prove that convergence for t=0 requires x>0 and that 
convergence fort = 1 requires y > 0. Thus we assume that x > 0, y > 0. 

Writing ¢=1—¢’ and then suppressing dashes, we have the 


relation 1 
B(x, y) -| (1 -- ἢ) τι #—" dé, 
0 


so that B(x, y) = Bly, x). 
Writing ἐπε βίη 0, we also have the relation 


ἐπ 
B(x, y)=2 i sin**-! 9 cos*’-1 6d. 
0 
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We prove now that the beta and factorial functions are connected 


by the relation 
_ T(x) Py) 
B(x, y)= Te+y) (x, y> 0), 
or (in factorial notation) 
ty! 
Bia+l,y+ Desi (x+1l,y+1>0). 


Consider the product 
aly! .[ σείάι |” we" du 

0 0 
ara 

-| | tuvet+ di du, 
0 Jo 

Write t= £?, w=7?. Then 
alyint | ῦ | ° Beet ty He dE dp, 
0 0 


In terms of polar coordinates ({=rcos0,y=rsin@) in the 
(,7) plane, we have, subject to convergence (see below), 


οο Δὲ 
αἰγὶ» | ᾿ " 224 20+8—-1* oog22H1 9 sin OdrdO 
0/0 


=4 | ᾿ γβεμνεθρ-τ dp cost 9 αἰηδν!: 940, 
The first integral, a writing 7? =», τ 
: vite rdvsiety+I)! (ἘΨΕῚ» 0), 
and the second, by the above, is 
$B(x+1,y+1). 


Hence aly!=(%+y+1)! B(x+1,y+1), 
ly! 
or B(x +1, 1 ἘΞ νὰ ΒΝ 
@+Ly+) (w+y+1)! 


To justify the transformation from (ξ, η) to the polar form (r, 4), 
observe that the double integral is the limit of the integral 


NN 
| 0 Ϊ 0 Ger tly Pwtle~ei+n") ἀξ dy 
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over the square of vertices (0,0), (V,0), (V,N), (0,1), whereas 

the integral py pi, 

| Ϊ 2x4 2v+3¢-+* eog2= + Osinv+1 Odrdd 
o Jo 


is over the positive quadrant of the circle r = V. The limiting values 
will be the same provided that 


Tim { {essegperie-e9? ded =0 


over the area of the square not covered by the circle. 

Now the value of the integrand throughout this area is less than 
(2N)*2+1(2N)*v+1/eN*, and the area itself is equal to N?—j7N?. 
Hence the value of the integral is less than 


(2NV)22+2v42 (1 — Jor) N? 
A aie a Fi 


or ΤΈΝΝΗΝ ΕΝ, 


which tends to zero as N tends to infinity. 
The transformation is therefore justified. 


Corotuary. If x= —}4, y= —}, then 


(-b'(-b!_ 
ae = Bibb) 


ὁπ 
=2{ sin® @ cos® 6d@ 
0 


ἀπ 
= 2 dé 
0 
= 7. 
Hence (being positive) I($)=(—4)!=./7. 

ItLustRATION 3. Dirichlet integrals. The use of the gamma 
functions enables us to evaluate a class of integrals of which we 
give a particular example: 

70 evaluate the integral 


| [[[fle+y+2) arya dadydz (p,9,7r>0) 


over the volume of the tetrahedron bounded by the planes x=0, y=0, 
z=0,x%+y+z=1. 
Wee U+yY+z2=uUu, y+z=uy, z=uvwy, 
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so that z=u(l—v), y=ur(l—w), z=uww 

Y+z A gig ΜΝ 
e+y+z yt+z 
The Jacobian of the transformation is 


and U=Z2+Y+2, V= 


]-ν - 0 


aay v(l—w) u(l—w) —wv |=», 


vw wu Uv 


Moreover wu, v, w are all positive and, for varying values of x, y, z 
within the tetrahedron, take independently all sets of values 
between 0 and 1; hence the new volume of integration is the cube 
O<u<l, 0<v<¢1, κῶς. The integral is thus 


[ I I f(u) {u(1 —v)}?— {uv(1 — w)}24 {uvw}1 wv dudvdu, 


= | f(u) uPtetr—) du | yttr-1(] —y)P—1 dy [ ᾿ w(1—w)*1 dw 
0 0 0 


- J ftw) uPtat-l du Bq +r, p) B(r, 4) 


_ qtr) ΓΦ) Mr) Tg) [1 
Tig+r+p) ᾿ ΓΙ Ἐ4) [\f Saint 


P(p) Γ(φ) T(r) [1 
="T(p+qtr) Ϊ oe 


REVISION EXAMPLES XXI 


1. Prove, by differentiation with respect to the parameter «, 
that 


"log (1+cosa cos @ 
[oo oman — 2), 
2. Show, by differentiation with respect to a, that, if a> a> 0, 
then ὦ gC ain 
| dz= Καὶ —tan-«, 
0 zx 
where X is a constant. 


Find the value of K by considering the value of the integral 
when ἃ -Ὁ οὐ. 
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ου R 1 
3. Prove that I εν sin zdx= ity Ἢ 


“Ὁ e-VZ sing 
0 Μη 


and evaluate dz, 


stating in each case the values of y for which the result holds. 
Justify your statements. 
Deduce that 


[tae an. 


With the aid of the last result, verify (and justify your method) 
that, if aint) 


μη τατος 

then τ" (t) —a*d(t) = constant. 
Deduce that, if ¢>0, 

φ() τς (1c. 


4. Prove that, ifa>0,x>0, 


© COs UX 7 
——§. du=— e~-™, 
9 a+u? 2a 


5. Evaluate the integral 


Meroe 
and show that it is uniformly convergent for all a>0 if ὃ is fixed 
and positive. 
Deduce by integration the values of 


J eaeoay J, MS“) 


6. Prove that, if u-{" e*cos 2aydz, 
0 


du 
then dy ΞΕ -- 2yu, 


and, assuming that u=4./7 when y=0, deduce that 
u=}./re, 
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7. Apply the formula 


ἧς [{]ναγάυ-- [᾿Ξ Πα, α)άν 
to show that 


ἐπ 
| cos x tan (sinh ἃ sin x) dz =tan- (sinh a) — cosech ἃ log cosh «. 
0 


8. Prove that [og (1 - 20.0082 αὐ de 
0 


has the same value for all values of ain —l<a<l. 
9. Prove that, if —l<a<l, 


ow .ς.. , 
{- cosec @ | og eee esi g| 4θ-- παῖε a, 


the principal value of the inverse sine being taken. 
10. Show that the integral 


T= [ae 
0 2+a? 
is uniformly convergent in any range 0<a<y<f. 
If 
Sit | * ee 
9 x2+a? ‘ 


prove that, when a>0 and y>0, 


τοῦτο 


11, Prove that, if A>0,A+B>0, 


ἐπ dx (—1)"a am 
Ι (A +Beos?z)"~ 2.n! sas ara 


Deduce that, when a and ὁ are positive, 


ἐπ da _ 1(a+b) 

ο (asin?x+bcos?x)? 4(ab)? ἡ 

κὦ 

12. If (a= | (1 -- οτοῖν τα; 


show that φ(χ) ὦ is constant for z> 0. 
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Calculate ¢’(x) and hence evaluate 


re = ν᾽ 
13. Prove that, if the δ κι 


* f(x) dz 
0 (α -- “)ὲ 
is independent of «, then at f(x) is a constant. 
14. Evaluate the integral 
[Ξ ( ἜΒΑ ΝΣ ys 
0 811 @ 
where —1<a<1l. 
15. Prove that, if a and # are numerically less than ἐπ, 


"log (1+sina@ 608 “) a 
I τ ΤΉΝ 2m sec £8 log {sec $8 cos $(a + f)}. 
16. Prove that, if -l<«<1, 
ἐπ 
I. log (1 + cos x cos am) sec xdax τε [π3(1 — 4a). 


17. Prove by means of the formula (under appropriate con- 


Oo flayfsean dena san 


© e-@ sin bax 


that (i) [ 
(ii) [ΞΞ- 


dx =tan- b, 


dz=}lo ®(75) 


18. If u(y) = [° e~** sin 2xyda, 


prove that is +2yu=1, 


u(y) =e-v* Ε e** dz. 


|o| <1. 


and deduce that 


19. Prove that, if f(x)= =( 0 μὴ“, 


then Sf" (x) +2-¥f' (x) +f(x) =0. 
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20. Prove that, if f(2) is a decreasing function of x, then 


ἘΞ Ϊ Sibat 


is decreased when a or b or both are increased. 
21. Change the order of integration in the integral 


U0” φτηίξατρη 


and hence evaluate the integral. 
22. Prove that, if 
(i) f(x, y) is a continuous function of (x, y) for x>0, y>0, 


i) in [ae sent in [τὰν [ee 
(iii) | de [re y) dy exists, 


then [ἀν |["pte,y)de= [ae [ fend 
Prove that the three conditions are satisfied by 


e*(x—y)tyt (0<y<z), 
f(z, y) = {0 (otherwise), 
and, by dealing with both sides of the deduced relation, prove that 
| Ϊ ε-«αὐάς-- ἢ {π. 
1 da 81 
23. Prove that I 6 --αἰγξ 40° 
1χ(α —a®)t 


24. Prove that τ da τε γὲςπ.2. 


25. Prove that \ a Wows ς =) Pay 
26. Show that B(x, x) = 2'-**B(z, 4), 


and deduce that πέγ(ϑα) =2?-1T (x) I'(a +4). 
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Prove also that 
T'(4) Γ(2“) = 277-1 (x) P(x + 4). 


27. D is the area in the zy plane defined by the inequalities 
a>0, y>0, 22+4y2"<1, where m, n are positive but not neces- 
sarily integers. Prove that 


1 Pen) Tn) 
[),7¥440= ama) Toten 

(Write στο y=v"",) 

28. If p>0,q>0,b>a>0, evaluate 


[2% —2x)t-1 (b-—x)-?-1 dx. 
0 

29. By substituting ὦ ἐγ θεω, y=uv, or otherwise, prove that 
the value of  [{γ(1--α-- νη άτάν, 


taken over the area of the triangle bounded by the lines x= 0, y=0, 
a+y=1, is 27/105. 


ΤΙ μιν 


— eee een er ey, «ὦ “ 
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CHAPTER XXVIII 


THE SOLUTION OF DIFFERENTIAL EQUATIONS 
IN TERMS OF INFINITE SERIES 


It is familiar that the solution of the differential equation 
d*y 
dx? +y=0 

can be written in the form 


x2 ot ΩΣ 
y=A(1-F 45 +) + B(e-F 45 wf 


where A and B are arbitrary constants. In this simple case, the 
solution has been expressed in terms of two infinite series, which 
represent the known functions cosx and sinz respectively; but 
often—and this is the purpose of the chapter—equations which 
cannot be solved in finite terms (at least, by functions already 
studied) may be solved instead by means of ascertainable infinite 
series, whose properties can then be examined as required, 
There are thus three problems: 
(i) How can such infinite series be determined? 
(ii) When determined, under what conditions (for example, of 
convergence) are they really solutions? 
(ili) What properties do they possess ? 
We confine ourselves mainly to the first of these tasks, the 
finding of such series in actual practice, and we restrict attention 
to the linear differential equation of the second order 


Fat Pla) Q(x) y=0. 


It is found convenient to extend the scope of inquiry at once, 
and to search for more general solutions of the form 
Y =A +a, xt + q, uct? + |, 
= > a A aot A, 
0 


where the constant exponent c is to be determined, and where the 
first coefficient a, is not zero. 
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The method consists in differentiating the proposed series 
formally, substituting formally in the given equation, and then 
equating to zero the coefficients of the various powers of x. In 
favourable cases, this determines a set of coefficients and therefore 
an infinite series; the work of Chapter xxv then shows that the 
steps are justified for values of x lying within the radius of con- 
vergence of that series. . . 

It may be helpful to remark (without proof) that if the given 
equation is written in the form 


d*y dy 3 
asa Ρ(α) 7 +4(x)y =0, 


and if the two functions p(x), q(x) can be expanded in series of 
ascending powers of x, then the solutions to be determined are 
convergent with radius of convergence equal to the lesser of the 
radii for p(x) and q(x). The reader will probably decide on brief 
reflection that it would be unlikely to be greater. 


1. The method illustrated. Consider the equation (of so- 
called ‘hypergeometric’ type) 
: (5 --αὖ᾽) y" + (3 — 4x) y’ — 2y=0, 
or 2(a — αϑὉ) y” + (1— 82) γ' —4y=0. 


We seek solutions of the form 
y= > a, acta (a) + 0; summation with respect to A), 
0 


for which y= Σ (c+A) a, z°r-1, 


y= (e+A) (0+ A=1) a2 
Substitute in the given equation; then 
2 Σ (c-+A)(c+A— 1) ἀχαρελτα. ΩΣ (¢-+A)(c+A—1) ae] 
+ (5 (c+A) a, actA _ 8 > (c+A) a, — + Σ a, xrr=0, 
or, grouping like summations, 


Σ (c-+A) (20+ 2A—1)a,2°-1—2 Σ (0-+A+2) (c+A+41)a,aet=0. 
0 


11-2 
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The lowest power of x present, namely, 21, occurs in the first 
summation only, when A=0; for the vanishing of this term, we 


require 
c(2c—1)a,=0. 
Hence, since a, +0, c has one or other of the values 
c=0 or c=}. 


A general power, say 2°+", occurs when A=n+1 in the first 
summation and when A= in the second; for the vanishing of this 
term, we require 


(c+n+1)(2c+2n+1)a,,.,=2(e+n+2)(c+n+1)a,. 


[We must not yet cancel the factor c++ 1 from each side, lest 


it has significance. ] 
Taking c= 0, } in turn, we obtain the respective relations 


() (m+) (2n+1)aq44=2(0 +2) (n +1) ay 
(ii) (m+) (2n+2)a,,,=2(n+$) (n+9)a,. 


Now n > 0 for all terms of the series, and so the factors n+ 1,n+3% 
are never zero. Hence the relations are 


᾿ 2(n +2) 
(i) Gyw= πεῖ» 


(ii) Qii= wan" n 


We are therefore able to proceed to the evaluation of the two series 


corresponding to c= 0, c=} respectively. 
(i) When c=0, 
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and so on. Hence the series is 


2.3.4.5 


"4 (200)8 + τ rage}. 


ἜΣ (22) + == = (222+ = = 5 


(ii) When c=}, a, = $a, 
5.7 
a a 554" 92, 9% 


: 5.7.9 
a= =5 547 2.3% 


- ἂ σαι, 
a9 4596 0 5 4 


and so on. Hence the series is 


at !1 5(x\ 5.7 /(x\? 5.7.9 (x 5.7.9. 11 x a 
ὙΠ TT\2)* Br la) Tar 2 wy Wty 
If we denote the two series within brackets { } by the letters 


u, v respectively, then the general solution of the given equation, 
with two arbitrary constants, is 


y= Au+ Bato, 


The radius of convergence is easily obtained, since, for each 
series, 


lim | -2-| = 1, 
nro On+1 
so that R=1., 


Hence each series converges uniformly in any interval 
|a|<1-—é (ὃ; 0), 
and the operations which we have performed are thus justified 
within that limitation. 
Norts. The equation, when expressed in the form 


ay" + xp(x)y’ +(x) y=, 


; = 1—8z 4x 
is ΠΣ ΕΞ: = =) += se 0, 
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and the (ordinary binomial) expansions for 


1—8z — 4x 
2(l—zx)’ 2(1—z) 


both converge for |x|<1. Compare this result with the remark 
on p. 163. 

The equation to determine c (p. 164) is called the rvDICIAL EQUA- 
TION of the given equation, and its roots provide, in general, two 
starting-points for series to solve the given equation. There are, 
however, certain difficulties in particular problems, and we must 
now examine how they can arise. 


2. Indicial equation with two equal roots. We illustrate 
the treatment of the equation when two roots of the indicial equa- 
tion are equal by considering another equation of hypergeometric 


t 3 ” , 
ype (x— 2x) y” +(1—4x) ψ' — 2y=0. 
Write y =Sa,2° tA (dy + 0), 
0 
so that y= > (c+A) a,acta-t, 
0 


of" = Σ (ὁ - λ) (¢+A—1)a,actr-2, 
Substitute in the given equation; then 


{3 (¢+A)(c+A- Iaaeh— ¥ (c+A)(c+A- a2} 


+| Σ (c+A)a,a°t-1- 4 Σ (c+A) ae} —2 Var =06, 
0 0 
or, grouping like summations, 
Σ A a ΤΑΣ (C+A+1)(€+A+2)a,aeHr=0, 


The lowest power of x present, namely, 2¢-!, occurs in the first 
summation only, when A=0; thus 


Cag=0 (ay +0). 
The two roots of this equation for c are equal, namely, 
c=0,0. 
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A general power, say 2+” (for n>0), occurs when A=n+1 in 
the first summation and when A=n in the second; thus 


(c+n+1)*a,,,=(c+n+1)(c+n+2)a,. 


Since we have proved that c=0, the factor c++ 1 cannot be zero 
for n> 0, and may therefore be cancelled. Hence 


_ctnt2 | 
ntl 6420+! n? 


n+2 
τὰ πε 


Thus αχτεΐξαρ, 
ας = 30, τε 3M, 
ᾶς = FA, = 4d, 
y= ζας = δαρ, 


or, with c=0, 


and so on. Hence the series is 


ἀρ! + 2x + 3x? + 403+ ...}, 
valid for [2 <1. 

[In this particular case, we recognize the solution in finite terms 
as dy(1—2x)-*.] 

The new feature of this discussion, as compared with that in 81, 
is that, because of the repeated root c=0, we have (so far) been 
able to obtain only ONE solution of the given differential equation. 
We must therefore undertake further investigations for a second 
solution. 

We begin by forming the solution in series as before, but ignoring 


the fact that c=0. Then ane 


oy 1% 


» _¢+3 
arr tas 


—ct4, 
13 043° 


and so on. These coefficients satisfy the relation 
(c+n+1)?a,,,=(c+n+1)(c+n+2)a, 
for all values of n such that n> 0, and so it follows that, when this 
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series is substituted in the given equation, all terms vanish except 
that in z°-1, which gives (as before) ca). Hence, if we write 


2 4 
πα, ears Calne Clee es Cae 


c+1 c+1 c+l1 
then, identically, 
(x — 2”) uw" + (1 — 42) uw’ — 2u=a,c%2e-, 
This relation holds, subject to convergence, for any value of 6. 
Now repeated roots are associated, almost by tradition, with the 
vanishing of a differential coefficient, and we observe here that the 
differential coefficient, with respect to c, of the right-hand side 


vanishes when c=0. Hence the differential coefficient of the left- 
hand side also vanishes, so that 


<{(w—at)u" + (1—4z) wv’ — 2u},9=0, 


where c is equated to zero after the differentiation. 
Finally, we establish two ‘commutability’ relations - 


Oe Mie a Md 
Oc\da} da\éc}’ dc\dx®} dx? \éc)° 
To prove them, consider each term a,x”+¢ separately. We have, by 
logarithmic differentiation, the formula 
ὃ 0a, 
ao (a, 2"+°) = ante ay Ἐ a, x"** log a, 
so that 


¢ [ξ (a, a! =(n+c)ante-l ~ +4, 2"t0-1 
+ (n+) a, 2-1 log x; 
also τ (ay ent?) =(n+c)a,a"te-1, 


so that 


= ἘΞ (a, απ} = (n + c) grtre-l τὰ + a,x"to-1 
+(n+c) a, 2"**-1 log x. 


Hence the first relation holds for each individual term, and so for 
the whole series, within its radius of convergence. But see the Note 
at the end of this section, 
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Moreover ΠΝ 
ἐῶ 
46} 
40 


The formulae of commutability are therefore established. 
Returning to the relation 


© (@—2) w" + (142) w’—2u}.9=0, 


we are now able to express it in the form 


ΠΕΣ 


so that there exists a second solution of the given equation, in the form 


But a typical term of the series for w is 


ΕΣ oe, 
c+1 
0 (c+n+1 c+n+1 n 
— = —-—_ rm, 
30. κί c+1 ets) οἰ ἘΠ ΌΡ (ε- 1) 
ὃ (c+n+1 Ἢ ‘ 2 
Hence [ἘΠῚ 5) ποτα log αὶ -- πῶ", 


The corresponding solution is therefore 
(1+ 27 +32? + 42° +...) loga—(x+ 2x? + 3a5+...). 
The complete solution of the given equation is thus 


y=A(l + 24+ 3x? + inal 
+ B{(1 + 22+ 32? +...) log x—(a + 2a? + 3x°+...)}, 


where A, B are arbitrary constants. 
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Each of the infinite series is convergent for |#|<1, though, of 
course, log x is meaningless when 2: τεῦ. 
Nore. We have glossed over the difficulty that the statement 


oS a,(c)ante= Σ 9 fa, (camry 


requires proof. This is hard, and cannot be attempted here. On 
the other hand, we may use the argument that the above analysis 
indicates what a solution of the equation might be; and, for the 
particular numbers, substitution of the proposed solution into the 
given equation verifies that the supposition is correct. 


3. Indicial equation with roots differing by an integer 
(leading to ‘infinite coefficients’). We turn to another equation 


of hypergeometric type, 
(2 —2*) y” —4ay’ —2y=0. 


Writing y= > a,aerr 
0 


and proceeding exactly as in the two preceding sections, we reach 
the equations c(c—1)a,=0 (ὡς Ὁ 0), 
(c+n+1)(c+n)a,,,;=(c+n+1)(c+n+2)a,. 
Thus c=0 or c=l; 
also, since c+n+1+0 for n>0, 
(C+) dasa = (C+ +2) dy. 


The new feature of this example is that the two roots c=0, c=1 
differ by an integer. 


The successive coefficients are calculated according to the | 


sequence 642 
ar Bs 
entre _ (¢+2)(¢+3) 
5. e+ e(e+ 1) 
cts, _ (¢+3)(c+4) 
ri he ee c(c+1) 
c+5 (c+.4) (+5) 
α,------ --" Ὁ 


618 φ(6. 1) 
and so on. 
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The solution c= 1 is straightforward, and gives the series 


3.4 4.5 
dla 80 + ata y..|, 


which, in fact, we recognize as a)2(1—2)-%. 

The solution c=0 seems at first sight to be useless, since the 
equation ca, = (¢ + 2) a) cannot be satisfied for any value of a, when 
a)+0. We find, however, that a solution may be obtained in the 


following way: 


Beginning with the general form 
(c+ 2) (6 - 3) (ὁ -ἰ 8) (c+ 4) ' 
Ye see Eos Fes afc ieee tenes OPS δ΄ ENS gets 1. 
a+ c(¢ +1) c(e+ 1) : ane lig 


we can get rid of the factor ὁ from the denominators by writing a, 
in the form ke (with £40). This device introduces a value of a, 
which vanishes with c, but we shall see that this disadvantage does 
not prove fatal. 

Putting Qa=ke (k+0), 
we write 


was cat + (c+2) at 4 (ἘΞ) 6 Ἐ 5) rn CFIC sera " 


Substituting this expression in the given equation, we find the 
reas (2 —2*) εὐ" -- 4χιι' -- 3. Ξε κοϑ(ο -- 1) χο- 1, 


Since j δ μος: 1) 2°} 9 = 


it follows, exactly as in the preceding section, that 


em) £3) 8) 


so that a second solution of the given equation is 


(z) 
gan πὶ ΑΜ 
In order to evaluate this expression, note that 


Ms (9 15) = 2°" log z, 


so that £ (arin), =2x" log 2. 
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Also, since, for small values of ὃ, 


(c+) (¢c+n+1) 


sti =(c+n)(c+n+1)(l—c+c?-...) 


=n(n+1)—(n?-—n—1)c+..., 


ὃ [(c+n)(c+n+ = αἷς ee 
0 


Oc c+1 
We therefore have the solution 
U=k{(2e+2.327+3.423+...) loge 
+(1+2—2?—525—1lat—...)}. 
The general solution of the given equation is thus 
y=A[1.27+2.32°+3.4a5+...4n(n+1)a"+...] 
+ Bi{1.20+2.322+...+n(n+1)a"+...) loge 
+{l+a-—2?—5a3—...—(n®?@-—n—-1)a”—-...}]. 


There is one final point to be cleared. Not only does (@u/éc), 
satisfy the given equation, but so also, and more obviously, does 
Uy itself. But this merely gives 


K{2x + 2.32? +3.4a%+...}, 
and so provides nothing new. 


4. Indicial equation with roots differing by an integer 
(leading to indeterminate coefficients). Still keeping to the 
hypergeometric type, consider the equation 


(x —2*) y” —(1+ 2x) ψ' + 2y=0. 
Writing y=Sa,aets 
0 
and proceeding as before, we obtain the equations 
c(c—2)a)=0 (a)+0), 
(c+n+1)(c+n—1)a,,,=(c+n+2) (c+n—1)a,. 
Thus c=0 or c=2. 


The new feature in this example is the possibility that the factor 
¢+n—1 can vanish on each side when c= 0 (for the value n= 1). 
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The solution for c= 2 is straightforward, since then 


n+4 
ls NaI a 
ας = $A; = 3g 


As = $M, = ὅαρ, 
and so on. The series is 
Aya? + $a? + 8at+ ...}, 
which, in fact, we recognize as 
fa,{(1—a)-*— (1+ 2a)}. 
When c=0, the relation connecting successive terms is 
(n+ 1) (W—1) Gq 44= (+2) (m1) ay 
For n=0, we have —a,= — 2M, 
or a, = 2. 


For n=1 we have no information, since each side of the relation 
vanishes identically, being satisfied whatever a, may be. 

For n> 2, we can cancel the factor n—1, thereby obtaining the 
— (n+1)dqy=(n+2)a, (n>2). 


The coefficient a, may be given an arbitrary value, and then we 
ha 
bis d= $y, 
A= Fas, 
and so on. 
We therefore obtain for c=0 the series 
αφ(] + 2x) + a_(x? + $23 + Sat+ ...), 


and we observe that the coefficient of a, is just the series already 
obtained for c= 2. 
Hence we have in all the general solution 


y = A(1+ 2x) + B(3x? + 42° + 5a*+...). 


See also another example of indeterminate coefficients in con- 
nection with the solution of Legendre’s equation on p. 174. 
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5. The hypergeometric series. We shall not be dealing 
directly with the important series known as the HYPERGEOMETRIC 
SERIES, but, as we have used a number of particular examples in 
illustration, we give the general definition of the series: 


αβ a(a+1)A(8+1) 
Ly** 12-yy+l) * 


α(α τ 1) (a+ 2) (B+1)(B +2) 
FT 2+ y+.) 


convergent if [2 «1. It is a solution of the HYPERGEOMETRIC 
BQVANOS (1 — 2) y" + fy — (a+ β- 1) a} y! — apy =0. 
The series is often denoted by the notation 
P(a, 8, y, 2). 


It is easy to verify that the indicial equation for solutions in the 
form 


1+ 


y=Sa,2" 
0 
has roots c=0, c=1-y, 


so that, if y is not an integer (or zero), a second series satisfying the 
hypergeometric equation is 


αἰ Βα --γὙ-}ἷ1,β-- γ 61,2 -- γ, 4). 
6. Legendre’s equation. Another important equation soluble 
in series is LEGENDRE’S EQUATION 
(1—2*) y” — 2ay’+n(n+1)y=0, 


about which we shall have more to say later. In the meantime we 
try, as usual, the series 


y= Saar, 
0 


so that y’ => (c+A)a,2°H-1, 


8 


y= 3 (e+ A)(c+A—l)a,arrr?, 
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Substitute in the given equation; then 
οο 


Σ (c +A) (c+A—1)a,aerr-* 
0 


-S{(e+A) (c+A—1)+2(c+A)—n(n-+1)}a,aerr=0. 
The lowest power of x present, namely, 2°-*, occurs in the first 
summation only, when A=0; thus 
c(c—1)a)=9. 
The next power, that of 2°, again occurs in the first summation 
only, when A=1; thus #iidem0, 


A general power, say 2° (for r>0), occurs when A=r+2 in the 
first summation and when A =r in the second; thus 


(c+r+2)(c+r+1)a49=(c+r+n+1)(¢+r—n)4,. 
From the indicial equation we obtain the two possibilities 
c=0 or c=l, 


which we consider in turn. 

(i) The solution c=0. When c=0 the equation (c+ 1) ca,=0 is 
satisfied automatically, and so the coefficient a, is indeterminate. 
For the succeeding coefficients the relation is 


(r+2)(r+1)a,,2=(r+n+1)(r—n)a, (r20), 


(r+n+1)(r—n) 
7 O42" 4 2) (r+ 1) 


The ‘even’ coefficients may now be calculated in succession: 


ag tL 
ἃ _ (5.8) (2—n) 
. 4.3 
(n+ δ) (4 --- ") (η -ἰ δ) (n+ 8) (n+1)(4—n) (2—n) (—n) 
ee te ee a RE re 


ant 3) (n+ ee ae 


ao; 


and so on. 
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Similarly for the ‘odd’ coefficients, 


_(n+2)(1—n) 
Se πρει;: 
_ (n+4)(3—n) (n+ 4) (n+2)(3—n) (1—n) 
. τον τυ καδς 5! ὄν 
pe ΞΘ, «580 (n+ 4) ἐμαῖς G—*) tt A al ΒΡ, 
and so on. 
The general solution of Legendre’s equation is therefore obtained 
in the form 
Ν (n+1)(—n) (n+3) (n+1)(2—n)(—n) 
νεται + FI ar a A+... 


(n+ 2)(1—n) (n+ 4) (n+ 2) (3—n) (1 -- ") 
————— Ee +... 


It is easy to verify that each of the two series in this expression 
converges for |x| <1. 

(ii) The solution c=1. This condition gives us nothing essentially 
new. The relation (c+ 1)ca,=0 gives a,=0, so that, by the recur- 
rence relation, 


+a, {2+ 


Oy = Ag = Og = «0. = Bop =e = 0. 
Further (r+3)(r+2)a,,.=(r+"+2)(r+1—n)a,, 


so that 
4...-6.13}1--) 


3! 
α,.-. ἘΞ δ τος, ES ᾿Ξ δ 0-8 ( “αν ΤΆ 


and so on. Thus the series is 


ΩΣ ΘῈ —") 2, Ὁ} 4) (615) et, 


a series identical with the coefficient of a, in the general solution 
obtained previously. 


CoroLLary. When ἢ is an even integer, there is a solution (the 
coefficient of a, in the general solution) which is a polynomial of 


~-_ 
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order ἢ whose terms are even powers of x; when ἢ is an odd integer, 
there is a solution (the coefficient of a, in the general solution) 
which is a polynomial of order n whose terms are odd powers of x. 
These sets of solutions will be unified and assume importance later. 


7. Bessel’s equation. The equation 
ay" + ay’ + (a*—n*) y=0, 
known as BEssEL’s EQUATION, will also arise in the subsequent 
work. To solve it, we begin with the series 


y= Saxe, 
0 


from which we obtain, by substitution in the given equation, the 
relation 


Σ {(6:) (...λ-- 1): (6-λ) -- "2 aa + Sa,arht2 0, 
0 0 
or Σ (c+A+n) (c+A—n)a,2°t* + Saat? 0, 
0 0 
The lowest power of x present, namely, 2°, occurs in the first 
summation, when A=0; thus 
(c+n) (c—n)a,=0. 


The next power, that of x°+1, again occurs in the first summation 
only, when A= 1; thus 


(c+1+n)(c+1—n)a,=0. 


A general power, say 2°" (for r > 2), occurs when A =r in the first 
summation and when A=r-— 2 in the second; thus 


(c+r+n) (c+r—n)a,+a,.=0, 
or, replacing r by r+ 2, 
(c+r+2+n)(c+r+2—n)a,,.=—a, (r>0). 
From the indicial equation we obtain the two possibilities 
c=n or c=—N, 


though these give the same value when n=0. 


12 μιν 
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The coefficient of a, in the relation found above is 
(c+1l+n)(c+1—n). 
For c=n, that is 2n +1, 
and for c= —n, it is 1—2n. 


Hence a, is indeterminate (since the product of factors vanishes) for 
n= +4, but is otherwise zero. 

Suppose that n+ +4, so that a,=0. Then, by the recurrence 
relation, we have the relations 


a, =a43,=a5=... =(), 


and so the series contains only the ‘even’ terms. Writing r= 2s, we 
obtain the relation between successive coefficients in the form 


+ As 
(¢+2s424n)(c+2s¢2—n) 7% 


Goss 


where c=” or c= --- ἢ. 
Consider the solution for c=n. The relation is 


CRB ss...” 
“2s+2- Gin 1-48) (86 ἢ᾽ 


If we exclude the case when n is a negative integer, we obtain the 
coefficients in the form 


a in+1).1? 


ee. ae ἄρ 
4 4(η--:.Ὦὦὡ}ὦᾺὃὮἦἠ 42(n+1) (n+ 3).2᾽ 


ae a ἀῶ ἘΞ 9 — a 
δ΄ 4(n+3).3 43(n+1)(n+2)(n+3).3!’ 


and so on. Hence we obtain the series 


ola) eternal 


ee ae, 3) 
EHR eTEG +o. 
Consider next the solution for c= —n. The argument is exactly 
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the same as that just given for c=n, save that now ἡ must not be 
a positive integer, and we obtain the series 


meen) *cernecere na) 


aaa) Ὁ 7 


Hence, when ἢ is not zero, +4, or an integer, a general solution 
of Bessel’s equation is obtained in the form 


y= ali G) teresa a) το 


ΤΩΝ μου νον ἊΝ 
(—n+1)\2)  (—n+1)(—n4+2).2!\2) Uy’ 
The two series converge for all values of a. 

When 7 is a negative integer, A must be taken as zero; when ἢ 
is a positive integer, B must be taken as zero. When vn is zero, the 
two series are identical. In each of these cases, a further solution is 
required and may be obtained if required by the methods indicated 
for the equations of hypergeometric type earlier in this chapter. 
We do not make any detailed study here. 

The anomaly which we mentioned for n= + } is apparent rather 
than real, for then the series arising from a, and the series arising 
from a, turn out to be just the two series which we have already 
obtained. 


EXAMPLES I 
Find the general solution, in series of ascending powers of ὦ, 
of the equations: 1. ay” μα +(29—2)y Ὁ. 
2. ay" +y'+xy=0. 
3. wy” +ay'+(2?-1)y=0. 
4, xy" τοῦ +(227-})y=0. 


8. Solution in descending powers of x; Legendre’s equa- 
tion. Sometimes a solution is required which expresses y in a 
series of descending powers of x, We take as an example Legendre’s 
equation, for which this approach turns out to be particularly 
convenient. 

12-2 
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The equation is 
(1 --αϑ) γ' —2ay'+n(n+1)y=0, 


and we assume the existence οὗ a solution in the form 
y= 2 by x oe, 
0 


oo thas y’ =3 (c—A)b, ae, 
0 


γ΄ =3(e—A) (C-A= 1), 
Substitute in the given equation; then 
[$ (e—ay(e-A—1) 4-4 ¥ (0-2) (C-A=1),2°>| 


-23,(0—A)bjat* + n(n 1) Σ b,2°- =0, 
0 
or 
Σ (c—A) (e—A-—1)b, a" 
0 
—Zi(e—A) (c—A+1)—n(n+1)}b,2°“*=0. 
The highest power of z present, namely, z°, occurs in the second 
summation only, when A= 0; thus 
{e(c + 1)—n(n+ 1)}b)=0, 
or (c—n) (c+n+1)=0. 


The next power, that of 2°-!, again occurs in the second summa- 
tion only, when A= 1; thus 


(c+n)(c—n—1)b,=0. 


A general power, say 2°" (for r > 2), occurs when A =r -- 2 in the 
first summation and when A=r in the second; thus 


(c—r+2)(c—r+1)b,_.={(e—r) (c—r+1)—n(n+ 1)}d, 
=(c—r—n)(c—r+n+1)b,. 
The indicial equation gives the two possibilities 
c=n, c=—(n+1), 


which we must consider in turn. 
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(i) The solution c=n. When c=n, the second equation just 
obtained is ας Sing 
and so (assuming +0) ὃ. =0. 
The general equation is 
(n—r+2)(n—r+1)b,.= —r(2n—r+1)b,, 


_(m—r+2)(n—r +1) 


7 a iad r(2n —r + 1) Ora 
Since ὃ, = 0, it follows that 
b,=b, =b,=...=0. 
Also, b= — Th bo 
es _(n—2)(n—3), _n(n—1)(n—2)(n—3), 
4(2n—3) “5 2.4.(2n—1)(2n—3) ™ 


and so on. Hence the series is 


κατ (ot) een (Ge) +: 


box” [! Ἔ 513 

The case ‘2n=odd integer’ requires further consideration, 
which we do not give here. On the other hand, we shall have 
occasion later to refer to the case 


n= positive integer, 


for which the series terminates, giving a solution which is a poly- 
nomial in ἃ of degree n. This is, in fact, the same solution that we 
obtained earlier (p. 176) in a form that appeared different according 
as n was odd or even. 

(ii) The solution c= —(n+1). When c= —(n+1), the equation 


involving ὃ, is 2(n-+1)b,=0, 
and so (assuming n+ —1) 6, =0. 
The general equation is 
(—n—r+1)(—n—r)b,_.=(—2n—r—1)(—-7)6,, 


(n+r)(n+r—1), 


Ὗ οὖν r(2n+r+1) ΤΣ 
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Since ὃ, = 0, it follows that 


b,=6,=b,= oo =Q, 


_(m+2)(n+1) 
Also, y= le 


_ (n+4) “ἘΠῚ a BO (n+3) (m+ 2) (n+1) 


Δ΄ 4(2n +5) 2.4(2n + 5) (2n +3) bo 


and so on. Hence the series is 


ΤΣ το ‘) 


gets 2n+3 222 


Sree ΕΙΣ ΕΣ ΤΕΥ ΑΙ 


2!(2n + 3) (2n +5) 9.3 


The general solution of Legendre’s equation is obtained by adding 
constant multiples of these two series, with possible examination 
of special cases. 

For future reference, we repeat the result that, if n is a positive 
integer, there is a solution which is a polynomial of order nin 2, namely, 


rales 


4+ 


4. %(n—1)(n—2) eed Oo 


~ 21(2n—1) (2n—3) Ξ) 541. 


2 
_ (nl)? , (—1)" (2n—2r)! 


~ (2n)! r!(n—r)! Gon” 


REVISION EXAMPLES ΧΧΤΙ 
1, Prove that the equation 
3x°y” + (8.3 -- α) ψ' +(1—92x)y=0 
has a solution of the form 
y= Any, + Bxty,, 
where y, is a quadratic function of x, and y, is a power series 
Yo=1+ 8a + 5x? +... 
Find the general term in y,, 
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2. Obtain a solution of the equation 
ary” + xy’ + (x?—n®)y=0 


in the form of a power series y,, where n is a positive integer. 
Show, by putting y=y,z, that the general solution is 


dx 
πα i} 
3. Find the general solution in series of the equation 


341 -- αὐ) FH 4 Uy 12ry =0. 
Determine the range of values of x for which the solution is valid, 
4. Show that the equation 
2ay” +(1—2x)y’—y=0 
has a solution of the form 
y = Af (x) + Batg(a), 


where A, B are arbitrary constants and f(x), g(x) are series each 
of the form (to be found) 


1+a,%+4,2"+.... 
By putting y =ve* in the given equation, show that 


5 (e+ akg(z)} = he*art, 
5. Obtain the solution 
N ου 
ΑΚ 4,2" + Bat Σ ὃ," 
n=0 n=0 
of the differential equation 
2a(1—ax)y” +(1—2)y’+y=0. 


Show that the radius of convergence of X6,,x” is 1. 


6. By solving in series, or otherwise, show that every solution 
of the differential equation 


χϑία +3) y"” — ϑα(α - 3)" + 6(x-+1)y'—6y=0 
is a polynomial in 2. 
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7. Find the complete solution in series of the equation 
(1 + 2.5) y” + 2y’— 12xy=0, 
and give the range of values of x for which it is valid. 
8. Find a solution as a power series of the equation 
xu(x—1)y"+3zy'+y=0, 


and state where the series converges. 

Identify the rational function of x represented by the series, 
and derive a second independent solution of the differential 
equation. 


9. Integrate the equation 
ay” + ky'—y=0 
by the method of solution in series (i) when the constant ἢ is not 


an integer, (ii) when k= 1. 
Express the general solution in finite form when k =. 


10. Obtain in the form of an infinite series the general solution 
of the differential equation 


ay” +(k—2x)y'’—y=0. 


Show that, if & is an integer greater than 1, the equation is 
satisfied by a polynomial of degree k—1 in a—. 


11. By putting y=2°(a)+a,%+a,27+...), solve the equation 
χϑίαϑ -- 1) y” + (53 — 42) ψ' + (3a2—2) y=0. 


Show that one solution takes a very simple finite form. 
12. Show that the equation 


xy” —(%+4)y' + 2y=0 


has solutions (to be found) of which one is a quadratic expression | 


and another a power series convergent for all values of z. 
13. Find two distinct solutions in ascending powers of x of the 
equation xy” — 2y' + 9xby =0, 
14. Obtain the solution in series of the differential equation 
(a? +1) y” —3ay’ +Ay=0. 
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Find all the values of A for which the equation has a polynomial 
solution; and find all such solutions. 


15. Find the general solution of the differential equation 
ay" +(x+1)y'+3y=0 
in a form involving power series in x. 
Find also the particular solution of the form 
y=1+ ¥ 4,2", 
and express this in finite terms. 
16. Obtain the complete solution of the differential equation 
a(l1—2x)y"+(1—32z)y’—y=0 
in the form of a series convergent for small values of x. 
17. By means of infinite series, solve the differential equation 
(x2 — 22) y” + 6y’ — by =0. 
18. Prove that the differential equation 
(1 -- αϑ) y” — 2ay’ + 72y=0 


has a solution which is a polynomial in x, and find a second solution 
in series of powers of ὦ. 


19. Show that the differential equation 
ary” + (2a + αὐ) y’ + {a—k(k+1)}y=0, 
where & is constant and 2k is not an integer, has the two formal 


solutions ,, n  (R+1)(k+2)...(h+n) arte 
3" B+ 2) Qk+3)... @k+n+l) al’ 


ο΄, k(k—1)...(k—n+1) oe 
Σ (Seah)... @k—n+ 1) wl 


20. Obtain two independent solutions in series of the equation 
x*(1—2x) y” —x(1+ 32) y’'+(1—z)y=0. 
Find the radii of convergence of the series. 
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CHAPTER XXVIII “ 
FOURIER SERIES 


1. Introductory example; vibrating string. Suppose that 
an elastic string, stretched between two fixed points Ὁ, A at a 
distance / apart, makes small vibrations in 2 plane containing 
those points in such a way that the elements of the string move 
at right angles to its length. It is known that the displacement y 
at time ¢ of the point distant x from O satisfies the partial differential 
equation dy 


where a is a constant depending on the nature of the string. 

Solutions of this equation may be obtained in many ways. Our 
immediate problem is to investigate those solutions which assume 
the form y=TX, 


where 7' is a function of ¢ only and X a function of x only. Such 
solutions are said to be SEPARATED into their x- and ¢-parts. 


a ὃν ΧΡ 

οἱ “᾿ αβ᾽ 

Oy ,ἸΟὦ 

and 5,2 Ξ1 ae 
ρος PE: οὐδὲ 
the equation is x We 7% di qe 
} 1 Δ ἃ Δ 
᾿ aT αἰ X dx* 


As so displayed, the left-hand side is a function of ἐ only and the — 


right-hand side is a function of 2 only, where x, ¢ can vary inde- 
pendently of each other, But it is not possible for a function of t, 
varying with ἐ, to be equal to a function of x, varying with ἃ, 
except when that function is a constant, varying with neither. 
Hence there exists a constant ἢ such that 
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When ἢ is positive, T and X appear as hyperbolic sines or cosines 
of ὁ and x; when h is negative, they are trigonometrical sines and 
cosines. Having the stretched string of violin or piano in mind, we 
select the latter alternative, to obtain periodic solutions, 
Writing h= ἢ 
we get the equations 


with solutions Τ' =A cosant + Bsin ant, 


X =C cosnzx+Dsin nz, 
where A, B, C, D are constants. 
[if n=0, we have, exceptionally, 
The values of the constants depend on certain BOUNDARY CON- 
DITIONS, as they are called, which limit the solutions for any 


particular problem. In the present example, the value of y has to 
vanish at the point x= 0 for all values of #, so that 


C=0. 
Moreover, y must also vanish at the point z=/ for all values of ἐ, 
so that άπ οἱ. Ὁ 


Since D cannot vanish (or X, and consequently y, would be identic- 
ally zero) the constant n is subject to the limitation 


sin nl =0, 


and som assumes the form n= - ὴ 
where ὦ is some integer. 
A solution of the given partial differential equation is thus 


y= (4 cos + Bain =) sin, 
the arbitrary constant D having been absorbed into A and B. 
A further simplification occurs if we take the motion as starting 
from rest at time t=0; this is equivalent to the imposition of the 
further boundary condition 


oy 


a? when f=0, 
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and requires the relation B=0. 
Hence we have the solution 
kant . knx 
y = A cos—— 51} -- 
l ἰ 
for which, let us repeat, y vanishes at «=  δηᾷ at ἡ τεοῖ for all values 
of t, while cy/dt vanishes at t= 0 for all values of x. The constant A 
is arbitrary, and the solution satisfies all the conditions hitherto 
imposed so long as ὦ is chosen to be an integer. 
Having found a number of solutions of the special form X7’, we 
proceed to derive more general solutions. It is a matter of direct 
substitution in the given equation 


to verify that the series 


ἘΠΕ pee washes ent 
k=1 l l 
is a solution for all sets of values of the arbitrary constants 
A,, Ag,...,Ay; and, further, that the three boundary conditions 
(y=0 for x=0,1; δυ δέτε Ὁ for t=0) remain satisfied. We 
have therefore obtained a solution which promises considerable 
generality. 

It is at this point that the idea of a ‘Fourier series’ presents 
itself. The motion of the string, released, as we have supposed, from 
rest, depends on its initial shape at ἐξξ 0, and the general value of 
y just obtained provides a solution in a case when this initial 
shape is given by the curve γὼ 


Ν 

where f(x)=> ἜΝ 
k=1 l 

If, further, ἃ is envisaged as taking all integral values, solutions of a 

still more general kind are obtained in the form of the infinite series 


y= > A κ COS ὑπαὶ sin ἐπα 5 
1 l ἰ 

We naturally ask whether this is a form of solution that covers 
all cases. The string may, in theory, be held in an arbitrary shape 
y =/(&) for a start; so, putting ¢ = 0 in the series, we are led to inquire 
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whether every ‘reasonable’ function f(x) can be expressed in the 
form δὼ re 
f(x) = ~ A,sin- 

by proper choice of the constants A,. It will appear that this is 
possible for a very wide variety of functions, including all the 
functions likely to be regarded as giving possible initial shapes for 
a string. 


We shall call a series 


Σ (4,sin“7* +B, cos~7") 
i 


an INFINITE TRIGONOMETRICAL SERIES. 


2. Some elementary integrals for reference. There are a 
few integrals whose values we shall be continually needing, and it 
is convenient to have a list to which reference can be made. 

The numbers m, n occurring in these formulae are integers. 

(i) 7'o evaluate the integral 


᾿ cosmxcosnadz (m+n). 
-π 


The integral is 
5 {cos (m+n) Ζ -Ἑ cos (m—n) x} da 
1 ; od 1 ; , 
ΓΟ | +e sin (m—n)z | 


= 0. 
(ii) Vo evaluate the integral 


The integral is [ἃ + cos 2nx) dx 
1 2 a ow 
grill er tae 8 
-- 7. 
ΝΟΤΕ. The particular case n = 0 is exceptional, since 


᾿ l.dx=2n, 
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(iii) Z'o evaluate the integral 


Γ sinma sinnadxz (m+n). 


The integral is 


3 ||, {c08 (m—n)2— cos (m+n) 2} dx 


l q 7 1 r π 
” Sieeaon) sin (m—n)z |" δος sin (m+n) a 


= (), 
(iv) 700 evaluate the integral 


j sin? nada. 


(1 —cos 2na) dx 


The intdgral is 5! 


Nore. If n=0, the value of the integral is also 0. 
(v) Zo evaluate the integral 


" gin mez cosnede (mn). 


The integral is 


Σ[" {sin (m+n) ὦ -Ὁ βῖη (m—n) x} dx 


ἐ ~ orem | cos(mtn)z |" - ἐς | 208 (m—m)e | 
Ξε. 


π 


(vi) T'o evaluate the integral 


sin nx cos nada. 
-π 


The integral is 5 | sin 2nede 


1 7 
— aa | eos 2na | δὲ 
0. 
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3. The period of a trigonometrical series. Before showing 
how to obtain a trigonometrical series for a given function in a 
given interval, we examine some properties of periodicity which 
they all possess. But first we remark that, for purposes of exposi- 
tion, it is convenient to take multiples of 2 (rather than of 7/1 as 
hitherto), and so we write 


u(x) = 4a, +a, cos x + a, cos 227 +a, ΟΟΒ 3x+... 
+6, sin z+, sin 2x+6, sin 32+..., 
the coefficient 4 being inserted before a, to conserve the uniformity 
of a formula which will appear later. We assume that the series is 
convergent. 


The immediate and most striking property follows from the 
identities, true for all values of the integer n, 


cosn(%+27)=cosnxz, sinn(%+27)=sin ne. 


As a result of them, the sum of the series satisfies the periodic 
ἀν “Ὁ ule +2) =u(2, 
taking the same value for «+ 27, x+ άπ, x+ 67, ... as it does for z. 
In other words, the sum is periodic in x, repeating itself at intervals 
of 27. 

A diagram may help to show what is involved: 


u(x) 


Fig. 149 


Suppose that the sum is found to have the value z for the interval 
—n<a<mn. The diagram (Fig. 149) gives the graph 


u(x) =2% 
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for that interval, and then shows it repeated at intervals of 27. 
It appears that the series does Not add up to the sum 2 for values 
of x in, say, the interval π < x < 37, but to the sum x — 27. Similarly, 
the sum of the series is ὦ -- 4π for values of x in the interval 
ὃπ <x < ὄπ, and x+ 27 for values of x in the interval —37<2< —7; 
and so on. Putting it another way, we may say that the series 
4a) + a, cos x +a, cos 2x+...+b,sinz+b,sin 27+... 

has the same numerical value (in magnitude and sign) for each of 
the values 2, «+27, «+47, ...; but that numerical value, when 
expressed as a function of x, ‘looks’ different for different intervals. 

It is therefore most important that, when we specify a function 
f(x) whose trigonometrical series we require, we specify simul- 
taneously the interval within which x must lie. The ‘natural’ 
length of such an interval, by what we have jen said, is 27. 

We shall take the interval 

—N<x2<7 


as the standard interval for exposition. 


4. The calculation of the coefficients. Suppose that f(x) 
is a given function of x defined in the interval —7<a<~7. Suppose, 
too, that it can be expanded as a trigonometrical series in that 
interval in the form 

f(x) = 4a) +a, cosx+a, cos 24+...+a, COSNE+... 
+6, sin x+6, sin 2%+...+0, sin n@+.... 


70 obtain the formulae 


=|" fle) cos neds (n=0,1, 2,...), 


bn =|" fle sinnxdz (n=1,2,...). 


The method of calculation depends basically on the formulae of 
§ 2 (p. 189). Multiply both sides of the proposed identity by cos nz 
and integrate from —7 to 7. On the assumption that the integral 
of the sum on the right-hand side is equal to the sum of the several 
integrals, almost all of the terms disappear (§ 2, p. 189), and we are 
left with the relation 


4 : f(z) cos nadz=n7a,. 
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Similarly | " f(x) sin πα ἀχ τε πῦ,. 
-π 


Hence if the expansion is possible, and if the processes of integration 
used in the proof are legitimate, the coefficients are given by the formulae 


a,,= 1 fe) cos nxda, 
== |" fe) sin nada, 


5. The Fourier series of a function. The work up to the 
present does not give any information about what kinds of functions 
can be expanded in trigonometrical series of the type considered. 
The equations for a,,, b,, do not provide the answer, since they were 
calculated on the assumption that the expansion existed. They do, 
however, give us a starting-point for such an inquiry. 

Basing our ideas on the work of §4, we proceed as follows. 
Suppose that f(x) is a function given in the interval (—z,7). We 
define numbers a, b,, by the relations 


a, == |" f(e)cosnede, 


=1{" f(e)sinneds, 
WJ -π 
and then form the series 
ha) +a, cos2+a, cos 27+...+6,sine+b,sin 2¢+... 


using these coefficients. We do not now assume that the series 
converges to f(a), but we examine it on its merits to see whether 
it does. This is our immediate problem. 

Derimition. When f(x) is a function defined in the interval 
—1<x<m7, then, if 


m= Ϊ " fla)cosnade, by =~ | ἡ (a)sin nde, 


the series 
4) +, COSX + 4,008 24+...+4, COBNL+... 


+6, sina+6, sin 2x+...+6, sinnz+... 
is called the FourtER sires of f(x) in that interval. 


13 MIV 


194 : - FOURIER SERIES 


We shall have to prove (i) that the Fourier series of any ‘reason- 
able’ function f(x) converges for all values of z, (ii) that it converges 
(in general) to the value f(x). For the benefit of any reader who 
finds the proof (given as an Appendix at the end of this chapter) 
rather difficult, we quote here the fundamental result: 

For any given point x (-- παρ «πὶ, if lim f(z)=f(%—) as x 

>i, 


tends to x, from values less than x, and if lim f(x) =f(a9+ ) as x tends to 
rite 
ἄρ from values greater than xo, then, subject to conditions enunciated 
in the proof, the sum for x=, of the Fourier series of f(x) is 
Hf (%o—) + 9}. 


If the function is continuous at 2%», then f(z,—) ΞΞ [10 -Ὁ ) and the 
sum for 7=2p, is just f (29). 
The value at each of the end-points x= —7, x=7 is 


i{f(—7+)+f(7-)}; 


see the Corollary at the end of the Appendix of this chapter (p. 211). 
ILLUSTRATION 1. 70 find the Fourier series of the function x in the 
interval --π κα «π. 
The coeflicient a,, is given by the formula 


7 
πα, - x οο5 nxdx 
CS 


ie ee- π fe ™; 
=| sinne | ont sin μα ας 
n -π 


τς --π 
=0, 
as is easily verified: it should also be checked that, for the special 
case n= 0, - 
| xdx=0. 
Thus n=O 
Also mb,=| wxsinnadx 


= (—)"t* (27/n), 
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{ree 


so that δ. Ξ 


Hence the Fourier series of x is 
2{sinx —4sin 27+ ἢ βίῃ 85 -- 5 βίη 4r+...}. 
In this special case we can show, independently of the general 


theorem mentioned in ὃ 5, that the series really does converge to 2. 
Consider first the series (p. 97) 


log (1 +z) =z— 427+ 428-..., 
valid for |z| <1, z+ —1. When z=e” (--π « θ «πὴ, this is 
log (1 + e*) =e! — $e? 4 Δρϑίθ. ος 
= (cos -- ᾧ ὁ08 20 + } cos 30—...) 
+i(sin -- βίη 20 +4sin 30—-...). 
Now we saw (p. 98) that 


log (1 +re)= }og (14-21 c080-+r4) +i tan-( 


rsind ) 
1+rcos@ 


for r<1, —7<6@<z7. Hence the imaginary part of log (1 +e") is 


ἘΠ ἘΌΝ 
= 40, 


for that determination of the inverse tangent which vanishes with 
0; and this is the determination given by the series. It follows that 


sin 0 —}sin20+4sin30—...=}0. 


This is essentially the result just established. The ambiguity in 
the choice of the inverse tangent corresponds to the variations in 
the expression for the sum of the series for different intervals of 
definition. 

REMARK. Observe how the apparently simple series 

sin 0—4sin 26 + }sin 30-... 


has a discontinuous sum. The graph (p. 191) illustrates the ‘ break’ at 
each point where z is an odd multiple of 7. Such an example 
emphasizes the need for a careful examination of uniformity of 
convergence, such as we undertook in Chapter xxiv. 
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6. Odd and even functions. We saw (p. 194) that the 
Fourier series for the function x has zero coefficient for cos nx for 
all values of n. This could have been predicted, and the point is 
worthy of emphasis. 

Derinirion. A function f(x) is said to be EVEN if tt satisfies the 
relation 


f(-2) =f), 
and ODD if f(-—2)= —f(z). 
Typical even functions are 
x*, cosz, z*tanz; 
typical odd functions are 


αϑ, sinz, tanz. 


Any given function u(x) can be expressed as the sum of two 
functions f(z), g(x) of which f(x) is even and g(x) is odd. Indeed, 


ΠΣ fla) = H{u(z) +u(—2)), 
g(x) = }{u(x) —u(—2)}. 

Then u(x) =f (x) +(x), 

where f(-2)=f(e), 


σί -- x)= -- σ(α). 
A characteristic feature of all odd functions is embodied in the 


theorem: 
If f(x) is an odd function of x, then 
A 
[7 ferac=o 
-Α 
for any value of the constant A. 
For A 0 A 
[7 ferae= [ fardrs ["peyde, 
—A -Α 0 
In the first integral on the right, write «= -- ι᾽τ' and then drop 


dashes. Thus 0 0 
| fle) de= | f(—2")(—de’) 
—A A 


=| f(-2)dz 
= - {fe dz, 
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since f(z) is an odd function. Hence 


[7 ferde=— |" perde [Πάν 
=0. 


The results which follow are applications of this general property 
to our particular problem: 

A function f(x) which is EVEN throughout the interval —17<a<a7 
has a Fourier series involving cosine terms only ; and a function f(x) 
which is opD throughout the interval has a Fourier series involving 
sine terms only. 

If f(x) is even, then f(-2)=f(2). 


Also, in standard notation, 


mb,, =|" f(x) sin nadz 


. fie) sinneda + |" Καγεῖη πος, 
In the first integral, write =—2’ and then drop dashes; the 
integral is - 
[λι-- λεία (- πο)άς--α) 
=| f(—2)sinneds 
ὰ - [κα sin nede 
= - |" f(a) sin meds. 


Hence = 0, 
Similarly, if f(x) is odd 


πα, =|" f(x) cos πα ἀξ 


-[ γα) cos made + | "f(x cos nxdz. 
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As before, the first integral is 


[f(—2) 008 (—ne) a(—2) 
=| f(—2) 008 neds 


Hence a, = 0. 


7. Functions defined in the ‘half-interval’ 0 « «<x. It 
sometimes happens that a function f(x), for which a Fourier 
series is required, is given only for the half-interval 0 «ἢ «π. We 
may then ‘fill up’, as it were, the whole interval —-7<xz<m7 by 
assigning to f(x) values of our own choosing for the interval 
—m<2z<0. The series so obtained will be correct for the given 
interval 0 «ὦ «π. 

In practice, one or other of two alternatives is usually adopted: 

(i) The function is ‘made up’ to an even function by means of 


the definiti 
- f(-2) =f(e). 


The Fourier series of f(z) is then a COSINE series. 
(ii) The function is ‘made up’ to an odd function by means of 
the definition 
f(-—2)= —f(@). 


The Fourier series of f(2) is then a SINE series. 


Thus, if we are concerned only with the interval 0<a2<7, we 


can expand any ‘reasonable’ function f(x) in either a cosine series 
or a sine series, whichever we prefer. 

ILLUSTRATION 2. Τὸ find the Fourier cosine series for the function 
defined to have the value x in the interval 0<a<7. 

The interval can be extended to -7<a<z7 by writing 


f(x)=2 (0 ««“ « πὶ, 


[(]Ξ -ὸῷ (-—7<2x<0). 
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Then f(x) is an even function of x (as may also be verified graphic- 
ally); so that it can be expanded in the form 


$0) + αἰ COST + ας COS 24 +..., 


where πα, = t f(x) cos nada 


= |" 008 nade, 
0 


since the function is even. Thus 


ee n odd, 


0 m even. 


Also παρ-- Ϊ be fle) dex 


a [τῶ 


an 77°, 
Hence, for the interval 0<a<z7, the expansion of x as a cosine 
series is 


1 
j= {cos + 55008 32+... + 


1 
32 ae ances Ont Net... 


InLusTRATION 3. Τὸ find the Fourier series of the function f(x) 


suck Shas f(x)=0 (-—7<2<0), 
f(z)=1 (0<a%<n), 
and to deduce the formula 


1—3+3-7F+...=}0. 
The series is 


2αρ-Ἐα, 6085 - ας 608 27+... +b, sine+b,sin 2x+..., 
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where na, =|" f(x) cos nada, 
mb -| f(x) sin πα ἄχ. 
Thus na,=[" 0. cos nada + |" l.cosnadz (n+0) 
0 π 
may | 0.de+ | \.dime: 
-- 0 


so that G@y=1. 
0 ὄπ 

Also πὸ, = | 0.sin made + | 1.sin nadz 
-π 0 


--t[om] 


1 
=  - _ Φ 
an cos 277) 


Hence the series is 
}+- (sine +$sin 30+ $sin 62+...) 
=3+- (sine + }sin 30+} sin 50+...) 
In particular, when x= ἐπ, we have the relation 
1=$4=(1-444-...), 
so that 1—4+$-4+...=}2. 


Note, incidentally, that, at the point x=0, the value of f(0—) 


is 0 and the value of f(0+) is 1. Also the sum of the Fourier series 
for z= 0 is 4, thus verifying the formula }{f(0—)+/(0+)}. 
InLustTRATION 4. Το find the Fourier series of the function f(a) 


ἜΛΑ fa)=1 (—<2<0), 
f(z)=% (0<x<n), 
and to deduce the formula 
Β ἃ ἋΣ 
ΕΣ ΕΣ πα. Ξ ἐπ᾿. 


THE ‘HALF-INTERVAL’ 0<2z<7 
The series is 
ta, +a, cosx+a,cos 2¢+...+6,sinz+6,sin 2. Ὁ...» 


where πα, =|" f(x) cos nadz, 
nb,, = | ᾧ f(x) sinnadz. 
Thus πα, = i cosnada + |" xeosnede (n+ 0) 


E | E "ΑΝ iM 
=|-sinnz| +] —cosnx+—sin nx 
n -2 "ἜΝ n 0 

] 1 1 

= —, cos nt — = — =, (1 —cosnm); 

0 ὄπ 
may | da+| βάν. πὴ λα 

-- 0 


0 
Also mb, = sin nade + |” x sin nada 


=| -Zeosne | ΠΕΣ ΟΝ 
n “Φ LS n 0 
~+(1-cosnm)— cos nm. 
n n 
Hence the series is (after a little reduction) 
2 1 1 
$+ 41 — = (cosz+ 5008 32+ 5 008 52+...) 


3 
+(ns pointes Pu 
ΠΤ 


sin 32 


ΠΥ ΎΕΝΝ 


In particular, the series when z=0 is 
γ}5-- ΠΣ ΣΝ ν 
and f(0—)=1, f(0+) =0, so that the sum is ᾧ. Hence 
| ἐπ 
4=4+47- aaa ), 


1 
so that ltats +...= $7, 
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APPENDIX TO CHAPTER XXVIII 


THE CONVERGENCE TO f(z) OF ITS FOURIER SERIES 


1. The form of f(x). The type of function with which we 
shall be concerned is illustrated in the diagram (Fig. 150). The func- 
tion f(x) is bounded in the interval -- π «ὦ «π and is continuous* 
save possibly at a finite number of points; its differential coefficient 


“. —_——— — oe - -- 


Fig. 150 


is also bounded and continuous save possibly at a finite number 
of points. The interval —7<a<a may therefore be divided into 
a finite number of sub-intervals 


—1<2<p, P<U<q, Q<U<r, ..., W<U<7T, 


in each of which f(z) and its differential coefficient f’(x) are both 


continuous. 

Consider a typical interval p<a<q. We assume that, as xp in 
this interval (that is, through values greater than p), the function 
is of such a type that the limit 


limf(z) (x>~p) 
2p 


* For ‘bounded and continuous’, compare the remark on p. 138. 
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of the function exists; similarly we assume that, as xq in the 
interval (that is through values less than 4), the limit 


limf(z) (ὦ «4) 
aq 
exists. 

We now make the agreement that, for the purposes of a calculation 
in the interval p < x <q, the function at each end-point is to be given 
the value to which it tends from within that interval. (Informally: 
the ares in the diagram are to be given for each interval that value 
at the end-point which would be expected from continuity.) Thus 
we assume that the limits 


lim f(z) (x>>p), 
limf(z) (x<q) 
κα! 


exist, and we denote them by the values 


f (p + ), f (q iy ) 
respectively. 

This process may involve assigning one value f(q—) to f(z) 
at q for the interval (p,q) and a different value f(qg+) for the 
interval (q,r). The actual value f(q) may be different from either; 
but fortunately it turns out that the value of f(x) at a single point 
like gq does not affect the behaviour of the Fourier series, so that 
the conventions just described can be adopted with safety. 

For the differential coefficients at p, g we shall use a natural 
extension of ordinary ideas. We define the RIGHT-HAND DIF- 
FERENTIAL COEFFICIENT at, say, p to be the limit, if it exists, 


lim LP +") -fipt) ἡ 
h->0 h 


as ἢ tends to zero through positive values; and the LEFT-HAND 
DIFFERENTIAL COEFFICIENT at, say, g to be the limit, if it exists, 


lim £4+4)—fa—) 
h>0 h 
as ὦ tends to zero through negative values. When we talk about 


differential coefficients at points such as p,q,7,..., it is these limits 
that are meant. 
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We agree, then, that, with these conventions, the function f(x) 
and its differential coefficient are uniquely defined, bounded, and 
continuous throughout the whole of each interval 


Porgy. 


2. Three lemmas. Before coming to the main theorem, we 
prove three lemmas which we shall require on the way. 
(i) The value of the integral 


[00a 


of a bounded function g(0) is not affected if the value of g(A) is altered 
at a finite number of points. 

Suppose that g(@) is altered at the k points 0,,0,,...,0,, and 
denote the new function by h(@). Suppose, too, that 


|9(9)|<M, |h(0)|<mM 
throughout the interval a<@<b. Surround each of the points 
0,, 9s, ..., 9, by an interval of length δ, say. The contribution from 


these intervals to the integral of g(@) is numerically less than ἀ ὃ, 
and this can be made less than a given positive number e by choosing 
ea trae d<(e/kM). 
The contribution from these intervals to the integral of h(@) is then 
also less than ε. Hence the difference between the integrals is 
certainly less than 2¢; and since e may be chosen as small as we 
please, the two integrals are equal in value. 

This lemma will usually be incorporated into subsequent argu- 
ments without explicit mention. 

(ii) If the bounded function g(0) has a differential coefficient which 
is bounded and continuous throughout the interval a<a<b, then 


b b 
μαι | 9(0) sin kOd0=0, lim Ϊ 9(0) cos Εθ40--Ὁ. 
k>oJ a k>aJ/ a 
On integration by parts we have, for the first integral, 


b b ὃ 
| g(@) sin kOd0 = : | —g(0) cos io “ : | g'(@) cos k0 dé, 
a a a 
so that 


J. 


«ΕΠ (6) cos kb | + =| g(a) cos ka| +7 (b—a) N, 
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where JV is the greatest value of | g’(@) | in the interval. Hence 


b 
lim | g(0) sin Εθ49 =0. 
ko Ja 


b 
Similarly i Ϊ φίθ) cos k0d0 = 0. 
kao Ja 
CoroLtuaRy. If a is a constant, then 
ὃ 
lim [ υἱδὴ sin δἰ — a) d0 =0. 
koa Ja 


This follows at once from the formula 
sin k(@ —a) =cos ka sin kO —sin ka cos ké. 
(iii) If «« « 2π, then the sum of the infinite series 


. : ae 
sinz+4sin 27+... Ἐν sin nt +... 


is ξ(π -- αἸ. (The formula is not true for 2: Ξε Ο or for x= 2z.) 

The result can be derived from the expansion for log (1 —z); the 
proof which follows* is from elementary principles. 

The sum of the first ἢ terms of the series is 


U,, (x) =sinx+}sin 2. τ .... +—sin na 
= |" (c0s 0 +008 20 +... +088) 8. 
0 


Multiply the cosine series by 2 sin 40, use the formula 
2 sin 40 cos λθ =sin (A + $) @—sin (A— 4) 0 
—sin $9 Ὁ βίῃ (n+3)@ 1 
- Se — 


*sin (n+) 5, 
ia et 


and sum: U, (x) = - =e 


Moreover, from the series itself, 
U,,(77) =0, 
so that, substituting ὦ =7 in the expression for U,,(z), 


sin (n+ 3)9 1, 
gig +" 2sin 30 


* I am indebted for it to Dr J. C. Burkill. 
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Subtract this equation from the formula for U,,(2): 


U,(2)=4(n—2) - [SE ae, 


But 1/sin $0 is bounded and has a bounded and continuous differ- 


ential coefficient in the interval of integration (where 0<2< 27), 
and so, by the second Lemma (p. 204), 


"sin (n+4)0,,_ 
μαι [ἘΣ ΄ = 


Hence U(x) =lim U, (2) 
-- ξ(π -- “). 


3. The convergence οὗ the Fourier series for f(x). Let 
f(x) be a function subject to the conditions enumerated in §1 
(p. 202). Its Fourier series is 


$0) + αι 6082 + ας COS 2H +... Ἔα, COSNH + eee 
+6, sin z+ ὃς sin 2a + *** +6, sin nx+ eeeg 


where 4,=~ | * ΛΘ) cos nbdé, b, == | " f(O)sinn0<8. 


We prove that the Fourier series of f(x) converges and its sum is 


Uf(a+)+f(z—)}. 
Denote by S,, the sum of the terms up to and including those in 
a, and b,.Then — 
n8,= |" f(@) {4+.00s @ cosx+cos 20 cos 24+... 
Ἵ +sin 0) βίη xz +sin 20 sin 35: -...} 40 
= |" f(0) Β τόσο (0-2) + 008 2(0—a) +... +008 n(0—2)} 9 


Pig sin (n+ 4) (@—2) 
-[ IO Senay | 
(Compare the summation in § 2, p. 205.) 


Let ὃ, 6’ be two positive numbers chosen sufficiently small to 
ensure that (whether f(@) is continuous or discontinuous at the 
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point 2 under consideration) there is no discontinuity of [(0) or of 
7 (0) in either of the two intervals 


a—é'’<O0<a, «<O0<24+6. 
Divide the interval of integration into four parts: 


We Bias bon re 


It will = established that the pith of the integral lies in the 


+8 

two parts J. , the contributions from the two ‘outer’ parts 
---δ' Jz 

being negligible. We must now make this statement more precise. 


Consider the integral 


[δρόσο [Ὁ 


Write 6—x=u. The integral is 


ot 
[fern τς 


We have so far placed one restriction on ὃ. This ensures that the 
function {() has a differential coefficient throughout the interval 
a<@<2z+06, as well as being itself continuous throughout 
«<0<2x+6. The conditions of the mean-value theorem* are there- 
fore satisfied, and so there exists a number £, where x<&<2+6, 


such that f(at+uj=f(e+)+uf'(g), 


where f(x + ) is the value to which f(@) tends as @ tends to z throug] 
positive values. 
We are therefore led to the sum 


§sin (n+ 4) u [. 1, sin (n +4) u 
and we begin by examining the numerical value of the second of 


these integrals, restricting δ further to make that value negligibly 
small. 


* See Volume 1, p. 61. A more precise statement may be obtained in books 
giving detailed analytical treatments; for example, W. L. Ferrar, Differential 
Calculus (1956), p. 94. 
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sia [wos ω 


< max, δ τς .| max. f"()|-| max.sin(n+4) | ὃ; 


and we have at once the inequalities 
|max.f'(é)| <K, 
say, since f’(@) is bounded, and 
| max. sin (n+4)u|<1. 
For the first maximum, we recall the inequality (Volume 1, p. 53) 
sing>$—3¢* (¢>0), 
so that (with 1—3¢* taken to be rot 


ἐπὶ ἐν 
sing 1- ar 
or, here, ar < ers 
The right-hand side can be kept bounded; it is, for example, less 
than 2 if 1—dait>4 
or* u®< 12. 


In the nature of the case, τι is less than 6, the upper limit of integra- 
tion, and so we can certainly make 


by taking é<,/12, 


which is much larger than we shall ultimately want. Thus, so long 
as 0<,/12, we have the inequality 


δ ον, Sin (n+ 4) u 
I ro au < 2K8. 

Suppose now that ¢ is a given (small) positive number. We can 
ensure that this numerical value is less than e by taking 


2K6é <e, 


* The value 12 is much higher than is necessary, but it arises naturally out of 
the work, and is good enough. 
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or ὃ « (e/2K). 
This is a more stringent condition than we have yet imposed on ὃ, 
so all earlier consequences remain valid. 


Having selected a definite value of 6, subject to this condition, 
we turn next to the integral 


δοίη (n+4)u 
Ϊ ο 2sin ju ἣν 
We proved (pp. 205-6) that, if (with a change of notation) 
δ ρίη (n+4)u 
I, ΠΡ du U,,(8) + 46 
for given ὃ, then, as n> οὐ, 
U,,(8) a $(7 ria δ). 
§ sin (η +4) u 
Hence , tends 
Finally, let us return to the ‘outside’ integral (p. 207) 
sin (1 +4) (@—z) 
{1,1 ("aanyo-ay)™ 
The interval +é<0<7 may be divided into a number of sub- 
intervals of the type described in §1 (p. 202), say 
w+d<0<q, q<O<r, .., w<0<n, 
and we express the integral over (x + δ, 77) as the sum of the integrals 
over these subintervals. In dealing with each one, we can suppose 
that the values of [(0) and its differential coefficient f’(@) at the 
end-points are defined so as to be continuous throughout it, as 
described on p. 203; in virtue of Lemma 1, any changes required 
for this purpose do not affect the values of the integrals. 
A typical integral is 


Ἰ ΠΟ) ΕΞ (6-- SI 49, 


ἄτι-» ἐπ. 


2 sin ξ(θ --- α) 
δὲ [ φίθγ sin {(n + 8) (0—2)} 49, 
where g(9) τ το ema 
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Now g(@) and its differential coefficient with respect to 0 are 
bounded and continuous in each of the intervals 


CoroLLARY. Since the Fourier series of f(x) is periodic, with 
period 2z, it is easy to show in a similar way that the sum of the series 
at each of the end-points x= -- π, x= +71 of the interval (—7,7) 18 


i{f(—7+)+f(a—)}. 


zx+d0<0<q, g<O@<r, ..., w<@<n, 


in virtue of the conditions satisfied by f(@), f’(@) and the fact that 
sin $(?—2) does not vanish anywhere in the interval 2+8<6@<7. 
Hence, by the corollary to Lemma (ii) of § 2 (p. 204), 
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νὰ lid 1. Find a Fourier series of period 27 which represents the func- 
ine Ϊ PEMA MES Π(Θεφλ S008, tion sin tz in the interval (—7, 77) when ¢ is not an integer. 
What is the sum of the series when x= +77? 
What function does the Fourier series represent in the range 
(π, 377)? 


2. Find the Fourier series of period 27 which gives a function 
equal to 0 for -- π «ὦ «0 and equal to coshz for 0<%<z7. . 
By considering the values of this series at the points of dis- 
continuity, deduce that 
| some i(4_), $1 μι τὴ 
; "+f" {7 +f . 5 = ( ἧς i), ΣΤ πξ 2\tanh 7 . 
z—é x z+é 


i 3. Find a Fourier sine series for the function f(x) defined by the 


and so, adding for all such integrals, 


ae (0-2) 


pi | PO Seaton) 


n-~ao.J +8 


|ao—0. 


We are now in a position to give a résumé and completion of the 
whole argument. We have expressed 7S, (p. 207) as the sum of 
four integrals, briefly written 


We have (p. 208) shown how to choose ὃ so that the third integral 


elations 
is the sum of two parts, of which one is less than e for all n. When , f(x) =2a/m (0 «« « ἐπ), 
this has been done, the value οὗ n is allowed to increase; the second f(a)=2-—(2u/m) (ἀπ «ἡ «π). 
part of this integral then tends to ἀπ|(5 -}, and the fourth in- ᾿ ; : 1 
tegral tends to zero. Hence, when ἢ is large enough, the sum of the What function does the series represent in the interva 
third and fourth integrals will differ from 4af(x+) by less than 2e. 2a <a < 3m? 


Similarly the sum of the first and second can be made to differ ; wee ee 
from ἐπζ(α -- ) by less than 36. Hence, since ε may be as small as 4. Show that the Fourier expansi | a | 


we please, we have the fundamental theorem: “ae ee 
The sum of the Fourier series is given by the expression . 


4 4.008 52, S08 5% 
ee COS X 32 δὲ oan 


on εἰ: State what function is represented by this expansion in the 

S=Hfle+)+fe—)}. interval (n —2)m7<a<vnz, where n is an integer. Use the expansion 
In particular, the sum is f(x) at a point where the function is con- of |z| in -- π «ὦ «πο obtain the following series for 48: 
tinuous. ν n ee 

Note that, whatever value we may have assigned to f(x) at the εἰ ἡμὰς +35 + Fat τ" 

points p,q,7,..., the sum of the Fourier series at those points is : : : ᾿ 
i{f(p+)+f(p—)} and so on. As we saw (Lemma (i) of §2), the Hence or otherwise show that the Fourier expansion for |x| in 
values assigned to the function at such isolated points do not affect —m<a<m can be extended to the closed manrsiignMantien νὼ 
the calculations of the integrals on which the formula depends. What special property of |x| enables this extension to be made? 
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5. Express xsin x as a Fourier series of the form 


4a) + 2 (α, cos nz + b,, sin naz) 
n= 


in the range —7<2<7. 


What is the function represented by the series in the range 


17 <x < 37? 
By taking a particular value of x, deduce that 


a ὁ ον Bee 
1.3.3.0°5 77 = 47-2). 


6. Express x? as a Fourier sine series of the form 
6, sinz +b. sin 27 +b,sin 34+... 
in the range 0 «ὦ «π. Does the value of the series agree with that 


of the function at the end-points? 


What is the function represented by the series in the range 
1 <2%< 27? 


By considering the value of the series at 2 = ἔπ, deduce that 


(It may be assumed that }J7=1—}+2-....) 
7. Obtain a series of the form 


i> a 
40) + x4, COs na 
r= 


whose sum is z2 when —7<2<7. 

Sketch the graph of the function represented by the series in the 
range (— 377, 377). 

Deduce from your work that 


e.g iy πϑ 
l-atar gts 
8. Express the function 7— 2z, in the range 0<2z<z7, (i) as a 
series of cosines of x, 2x, 3x, ...; (ii) as a series of sines and cosines of 
22, 4%, 62, .... ᾿ 
State (without proof but with an indication how you obtain the 
result) what will be the sums of the two series you obtain (a) at 
«=0, (δ) in the range -- π «ὦ «0. 
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9. Obtain a series of the form 


[ 
ξαρ ἜΣ a, cos ne, 
n=1 


whose sum is 1 when 0<2< 2m, and 0 when 27 «ἡ «π. State, with 
reasons, the sum of the series when x= 0 and when x=7. 
Obtain the sum of the series 
1—44+}4-§4+3-¢+-it- 
What is the sum of the Fourier series when x= $2? Sketch the 
graph of the function represented by the series for all real values of x. 


10. Show that the function a*—2? can be represented in the 
range —a<x<a by the trigonometrical series 


1 12(-1)_. ne 
Be τ oe 5... 
4a ἰξ πὸ 72 cos - ) 
11. A square has two opposite vertices at the points (+7, 0). 
Find a Fourier cosine series which represents the ordinate of any 
point of the perimeter on the positive side of the axis of x. 


12. Calculate the coefficients c,, in the series 
@ 
> ¢, cos — 
n=0 a 
that represents the function χία -- 2) in the range 0<z<a. 
Deduce the value of $: —. 


n=1 
13. Prove that, if k is not an integer, the expansion of cos kz in 
series of cosines of multiples of x in the range (0,7) of x is 
2ksinkr{ 1 cose cos2x _ 
π \2k? -12" 5... 25 J" 
By sketching a graph or otherwise show what function is repre- 
sented by the series in the ranges (—7, 0) and (7, 27) of z. 


14. Given that 0 <a <7, find a Fourier sine series for the function 


f(x) defined by the conditions 
(i) f(x#)=-2 if 0<2<a, 
(i) f@)=}r-a if στα, 
(iii) f(v)=n7-x2 if a<a<n. 


Illustrate by a rough graph the function which the series repre- 
sents in —7<x< 37. 
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15. Find the Fourier series of the function which has period 27 
and is equal to 2° when —7<2<7. 
What function does the series represent when 


(2k—1)m<a<(2k+1)7? 


16. Find the Fourier series of the function which has period 27 
and is equal to π3 -- αϑ when —7<2<m7. 
Deduce the sum of the series 


cee 
— 9a t 88 45 ἢ 5 


17. Expand the function z? in the interval —7<2<z7 as the 
sum of a series of cosines of multiples of x. 
Prove that the locus given by 
ου {-ἱ 1». 
n=1 n* 


is two systems of lines at right angles dividing the (2, 9) plane into 
squares of area πῇ. 
8. Prove that, for all real values of z, 
2 42 cos2nzx 


[sina | "sae 1᾿ 


—_—— sin nx βίη ny τεῦ 


fiesta ae (0<x<a), 
16) ta “ἡ (a<x< 2a), 
. (nn\ . (naz 
- tin) sr) 
then f(z)= ei 3 ae oe τὸ τὰν . 


20. The spot ofa cathode-ray tube moves uniformly from A to B 
through a distance | along a straight line and then flicks instan- 
taneously back to A. If this cycle takes a time 7' and is repeated 
continuously and indefinitely for all time, find the Fourier analysis 
of the function that represents the dependence upon time of the 
displacement of the spot from A. 

If all harmonics of frequency greater than 4/7' are suppressed, 
sketch the resulting dependence of displacement upon time. 
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21. A point moves in a straight line with initial velocity w. At 
the end of each second during the motion its velocity receives a 
sudden increment uw. Prove that the velocity at any time ¢ after 


the motion has begun is 
ἐωτ ἢ ΣΕ 


7 ,.--ἰ 
22. The function y(zx) is defined in the range —1<2<1 by 
=e" (-€<@<e), 
y=0 (—l<a< --ε and e<2x<\l). 
Show that the Fourier expansion of y in the range —l1<2<1 is 
given by 1 ὦ siniawe) 


n=1 


cos (η πα). 
The function z(z) is defined in the range —1<2<1 by 
Ζ -|° y(x) dx. 
0 


Draw a graph of z(x) and find its Fourier expansion in —1<2<1. 
Discuss the behaviour of z(x) and of its Fourier expansion as e+ 0. 


SECTION 3 


LAPLACE’S EQUATION AND 
RELATED EQUATIONS 


219 


CHAPTER XXIX 


THE TRANSFORMATION OF 
LAPLACE’S EQUATION 


1. The equations to be investigated. We use the notation 
νυ 
au 
Cx? ᾽ 

au eu 

Og? δυ3" 


CG.  σ ΟΝ 
ὍΣ ἡ Oy® ἡ O22” 


to denote the function 
or 


or 


according as U is a function involving the one variable 2, the 
two variables x, y, or the three variables x, y, z. The framework 
of rectangular Cartesian coordinates is always understood. In 
practice, U may also be a function of the further variable ἐ, denoting 
time. 

The equations with which we shall be dealing are 


V?U =0, 
10U 
8.7 ene ii exten 
V?7U a OF (a constant), 
1 &U 
VU= a OP (a constant). 
The equation V?U =0 is called Lapiaocr’s EQUATION, and the 
symbol 
O22 oy” Oz? 


is sometimes known as LAPLACE’S OPERATOR 

Our first task is to transform these equations so as to express 
them in terms of other systems of coordinates, such as cylindrical 
or spherical polar coordinates. 
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2. The geometry of a transformation. Suppose that z, y, z 
are transformed to new variables τι, v, w by means of relations 


t=2(u,v,w), y=y(u,v,w), z=2z(u,v,w), 


where z(u,v, 10), y(u, v, w), 2(u,v, w) are single-valued functions of 
U,V, τὺ. 

When u, v, w have fixed values 2, ὕ0» Wo, there is determined a 
point P,(%; Yo, 29); When one of them, say ἐν, is variable while the 
others have fixed values v,, wy, the point so determined lies on a 
certain curve; when two of them, say v, w, are variable while the 
other has a fixed value uw», the point so determined lies on a certain 
surface. We speak of THE SURFACE U= Up, and of THE CURVE V=%p, 
w= W, which is the intersection of the two surfaces v= vp), w= W. 

For example, we may identify wu, v, w with the variables r, 6, ᾧ 
of spherical polar coordinates, the three relations then being 


x=rsinOcos¢?, y=rsin@sing, z=rcosé. 


The surface r=a is a sphere, the surface =a is a cone (a plane 
when θ = 47), the surface ¢ =/ is a plane. The curve r=a, 0=aisa 
circle, the curve r=a, $= is a circle, the curve 0=a, d= is a 
straight line. 

It is assumed that the functions z(u,v, w), y(u,v,w), z(u,v, w) 
are of such a nature that they can be solved to give wu, v, w as single- 
valued functions of x, y, z, possibly for restricted ranges of values 
of the variables. For example, the solution in spherical polars is 


τὰ. 2452 ΗΝ, 
r=,/(x?+y?+27), O@=tan i ¢=tan = 
and is unique for the region 


r>0, O0<0<n, -πε«ῴ ςπ. 


24 92 
(Note that sind= wes , 80 that it is necessarily positive; 


hence the greater restriction on θ᾽ as compared with ¢.) 
We write the solution for ὧν, v, w in the form 


U=Uz,Y,z), V=v(z,y,z), w=w(z,yY, 2). 


The position of a point P may therefore be indicated by either of 
the alternative notations (x, y,z) or (u,v, w). 
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It will usually be assumed without further mention that the 
partial differential coefficients arising in the work are all continuous, 
and themselves possessing such partial differential coefficients as 
may be required. 

Our immediate problem is to find an expression for the tangent 


plane to the surface (2, 9; 2) = te 


at the point Po(29, Yo, Z) on tt. 
Suppose that P(a) +h, yp +J, % +) is a point on the surface, lying 
close to Py, so that 


U(aXy +h, Yot+jJ, 2% +k) = Uo 
= U(Xy, Yos 29)» 
By Taylor’s theorem (Volume m1, p. 57), there exists a number 0 
in the interval (0, 1) such that 
ὃ : 
h= u(%q+ Oh, Yo tj, 2 + Ok) 
+ δι it +h, Yo+ 6), %+ 9k) 
+ hE uly + Oh, Yo +), % + Ok) =9. 
Now let Q(z, y,z) be an arbitrary point of the line P,P. Then the 
increments h, ἢ, k and x—2p», y— Yo, 2—% are proportional, so that 
Wh WS 58s ἣν 
Z—%y Y-Yo 2% 


Hence the ‘Taylor’ relation becomes 


ἜΣ (2%) © αἰ +h, Yot+ Oj, % + Ok) =0. 
σι, 

This relation is, so far, exact, and we now interpret it when the 
point P of the surface moves to approach P, as a limiting position. 
If the partial differential coefficients are continuous, then, as 
h,j, k— 0, the equation assumes the form 

Ou Ou Ou 
L— Xo) — + (Y— Yo) Ξ-- + (2 —2%) —— = 9, 
( 0) a (y Yo) ay. ( “a 
where, for example, τε means £ ue, y,z) with x, y, z replaced by 
0 
Xo, Yo; 29 after differentiation. 
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This is the equation of a plane, having the property that it con- 
tains each line through P, which is a tangent there to the surface, 


It is called the TANGENT PLANE to the surface at P,. Thus the equation 


of the tangent plane at P, is 
Cu Ou Ou 
δα 7+ O—vol5 τ τως, m0. 


CoroLtuary. The direction-cosines of the tangent plane are pro- 

portional to du Ou du 
(ἄν δι᾽ Ozo) 

Nore. A surface may have special points at which each of the 
differential coefficients δι δας, δ Ὅν. Cu/Oz vanishes. Such is, for 
instance, a cone, where they are zero at the vertex. We regard this 
possibility as excluded in the subsequent work. 


3. Some general formulae. By direct application of the 
‘chain rule’ (Volume m1, pp. 25-7) we may establish three sets of 
equations of which the set 

ὃς Ou, ὃ; ὃν | Bax δὼ. 

Ow dz ὃυ du dw dx 

Ga Ou , Gu Ou , x Ow _ 

Ow dy Ov dy Ow cy — 

Oe ee ve oe 

du dz Ov Oz Ow oz 
is typical. We denote by J the Jacobian 


1, 


0, 


i) 


δία, Y; 2) _ 
~ O(a, ¥, W) 


ΕἸ se VF 
VIP WML 918 
ΕἸ Be εἸ8 


and by Χω, ζω; ...» Z,) the cofactors of χ᾽,» 9» .««γΖζιν in the deter- 
minant, so that, for example, 
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and so on. Then (Volume m1, p. 98) it is known that 


1 _ δίω, υ, w) _ 
δία, y, z) 


V2? Me Me? 
2/2 BP? AP? 
MF MLE WM? 


and we denote the cofactors of u,,u,,...,w, by the letters U,,), 
ὕω» +++9 We). 

The set of equations may be solved for 0z/0u, 0x/dv, dx/dw by the 
usual methods. Thus we find éz/éu by multiplying by Uy, Uy, 
U and adding, so that On 

J-t Aa = ἴω. 


Similarly ee Ὧν 


Warntine. Although X;,) might be written in Jacobian notation in the 
form 


_ ay, 2) 

Av, w) 

δίυ, w) 
and ὕω in the form ὕω ------ττς, 

κῷ ey, 2) 

it is not true that X= 1/4. 


The presence of the further variables x, τὸ upsets the proof used for the case 
when y, z, v, w are the only variables involved. It is doubtful whether 
such uses of the Jacobian notation are proper, and we have avoided them. 


4. Mutually orthogonal systems. Two surfaces 


U(L,Y,Z)=Up, U(X, Ψ, 2) τεῦῦρ 
are said to cut ORTHOGONALLY at a point P, if their tangent planes 
there are perpendicular. By the Corollary at the end of §2, the 
condition for this is 

Cu ov Ou ὃυ Ou Ov 


Bite Gary * Oyy Oye δε, Oz 
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Three surfaces 


U(X, Y,Z)=Up, U(%,Y,z)=U, wz, y,z)=W, 


are said to be MUTUALLY ORTHOGONAL at a point P, if their tangent 

planes taken in pairs are perpendicular. The conditions for ortho- 
gonality at a general point are (dropping suffixes) 

ὃν Que Onin, Ov tao 

Oz ὃ Oy dy Oz dz 

δ OW διὸ ON OOM 

Ox Ox Oy Cy Oz dz 

tap th lf ach 

Ox Ou Oy Oy Oz Oz 

One or two deductions may be made at once from these relations. 


0, 
0, 


0, 


Solving the second and third equations for ἐπ : ὃν : τα , we have 
Ox Oy Oz 
ὃν ὃψ o 
Cx » oy i ΟΖ 
Go dw ὃυ δι ὃυ ὃ ὃν ὃ ὃν ὃ ὃὺυ δι᾽ 


ὃν ὃς Oz dy Oz du du Oz Oucy dy dx 


5 lel? 
P1212 


If we write (for reference i 


(a) 


ia 
seg 
a. & 
zie = 
LE 

iro 
Ἑ 


ὃ Ha 


G5 
is 
= 


6 
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where h,, ἦς, hg may be taken to be positive, if required, and also 
denote the three ratios given above by A, so that 


te au’ ty te! ke 
: Oa Ow dy Ou Oz _ 
then the relation ic Sy ee 
shows that Ah? =1. 


Hence we have the formulae 
ou τὸν δι 1dy du 1 @ 


te δ dy Madu’ dee Ow 
with similar results for v (with 18) and w (with /2). 
CoroLuary. It follows at once that (in this case of orthogonality) 


(5) *(&) "(ὦ) τῷ 
(5) "(0 "67 τῇ 


(5) + (59) *(&) τῇ 


The importance which attaches to the functions h,, h,, hg is 
seen by the theorem that, FOR ORTHOGONAL RELATIONS, the 
differentials dx, dy, dz are connected with du, dv, dw by means of the 


Forma dic? + dy? + de? =Wdu? + hadv® + h2dw?. 
The proof follows by squaring and adding the three relations such as 


Oat Ox Cx 
ἄχ τοῖς du+ = du+~ dw, 


and noting that, for example, 


079 (Cv Ow , dv cw = i) 
=h2h?|— —+—- -- τ; ~ 
ΕΣ: Gy Oy Oz Oz 
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A useful formula is obtained by multiplying the two equivalent 
determinants 


Un, Uy, U, Uz, Vz Wy 

1 1 

7 =| Vp Vy |; fej =| Uy ὅν Wy |- 
WwW, UW, οὖ, UY UW; 


By the standard (‘matrix’) rule of multiplication, 
Uz + UW + UF Ug¥gtUyYy+U,Y, UzWyt Uy Wy +U,W, 
a Uz Uy, + Vy Uy + UU, v2 + vy + ve Vz, Wz + Vy Wy + U,U, | 
Wy Ug + Wy Uy + Wy Ug Wy Vg tWyYy+ WU, We + Wy + υἱ | 
ΤΕ Ὁ wf 
=| 0 ἦς" 0, 
ἢ δ. ΣᾺ 
in virtue of the orthogonality relations. Hence 
J=+hyhohg. 

The sign of J may be taken as positive should we wish, since the 
interchange of the names of two of the functions z(u, v, w), y(u, v, w), 
z(u,v, w) would interchange the values of two rows of J and so change 
the sign if required. With the convention J positive (and hy, hg, hg 
positive) the formula is ee ΝΝ 


(The assumed constancy in sign requires that J is never zero here. 
Compare Volume Im, pp. 90-5.) 


5. The transformation of V?U. Suppose that x, y, z are 


transformed to new variables u, v, w by means of the transformation 
L=2(U,V,wW), Yy=y(U,v,w), z2=2(uU,v, w). 


We restrict the discussion to the case when the three surfaces 
u=const., v= const., w=const. are MUTUALLY ORTHOGONAL. 
By direct differentiation, we have the relation* 


U,, =O, Uz + ὕχυ, τ Uy Wz, 

_ so that, on differentiating again, 

Ug = UUge + υ τ ἘΣ Gi Uy + Oi V_ t+ yyy Wz) Uy 
“Ὁ 


$ Ue and so on, 
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It follows, in virtue of the orthogonality conditions of $4, that 
VU =U,V*u+U,V%v+U,Vw+ S U,,f{u2+ us + uz}. 
u,v, τὸ 
Consider the part of this expression which involves differentia- 

tions with respect to uw, namely 

A=sU,V*u+U,,(u2 +u3 +2). 
We wish to convert the differentiations of τὸ with respect to x, Y, 2 
into differentiations of x, y, z with respect to u, v, w, since this is 


the more natural process when 2, y, z are given as functions of u,v, w. 
We have already proved (p. 225) that 


εξ εὐ ιᾷ- ἢ 


h?? 
80 we pass to the evaluation of V2u. Since (p. 225) 
δ ἃ ὃν 
ὃ» h? δι᾽ 
᾿ Ou 20h, ὃς 1 ὃ (δ 
it follows that a i 6 δι, a. (2. 
2 Cv Ow ov Ow 
But un (5 δε - δ =) 
Ou Cz dz dy)’ 
so that i , 
ΠΟ κα πρόοδος 
δι \Gu) δαλὸν ὃς dz dy) * ss (dy ae ~ Bee) 


Substituting and adding for 2, y, z, we obtain the formula 


Oh, ὃς ὃ Oh, oz 
ia τύ ει -(ῷ διε Oy ate δ =) 
OJ ,v,w 
ἢ διε ὦ 7 
2 oh, 1 A(J,v, w) 
"Ἢ δὰ TR δία, y,2) 
2 hy 1 AJ, v,w) (u,v, τι, Ὁ, w) 
~ AB Ou Μὲ O(u, υ, w) O(a, y, Zz) 
20h, 1071 
Ἐδὼ tid ud 
_2 hy 1 ahyhghs) 
hy δὲ hithghs Ow” 
whatever convention of sign is adopted for J (p. 226). 


15-2 
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aes 5 δι, 1 Ahhgh) dU 1 2U 


4π- δ 3 δι 


73 δὼ du πῆς δὰ ri 
1.0} 1 ay ae οἷ] 
78 Ou? δ} a as πο Ta 
1 Las +s (3" * a 
~ Ayhghs | Bee Out 
l mali ὃ 
~ Ay hghg ou h, dul’ 
We therefore have the following rule: 


If x, y, z are transformed to u, v, w by means of the ORTHOGONAL 


relations L=2(U,v,w), y=y(U,v,w), z=z(U,v,w), 


so that da? + dy* + dz*=hidu? + hidv? + Addw?, 
then the transformation of V2U is given by the formula 
vu = 1 {5 (“es ὃ ἐπ (6 5} ἐς εἷς οῦ =}. 
hy hgh h, Ow he ov 
Nore. Mr F. Bowman has derived, in the Mathematical Gazette, 
Xxx (1941), p. 51, the more general formula 
U, U, U, 
1 ¢}1 
2] = — i ee 
WOM ᾿ς 2..: 7 Be ἈΠ ΡΎ 
Ὁ ἢ ὃ 


where a, ὃ, c are written for our h?, ᾿ξ, h?, and where 


f= Ly Ly τὰ Ye Yw τ, % > 


with similar definitions for g and h. Those familiar with matrix 


technique will find a simpler exposition in Elementary Matrices, 
by R. A. Frazer, W. J. Duncan and A. R. Collar, p. 51 (Cambridge 
University Press, 1946). 

The formula which we have given is often derived neatly from 
a result known as Gauss’s theorem; but, of course, that has to be 
proved first. It is also possible that the neatness of some derivations 
arises from the neglect of detailed consideration of the volumes or 
areas of curvilinear ‘boxes’. At any rate, the treatment here aims 
at rigour founded on elementary principles. But knowledge of the 
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‘Gauss’ method is essential for those who desire physical insight 
into what is involved in applications, and a text-book (say on 
Vector Methods) should be consulted. 


CoroLLARY. The plane transformation of V?U. Suppose, as a 
particular case of the work of this paragraph, that U is a function 
of x, y only, and that the transformation is 

t=2(u,v), y=y(u,v), z=, 
so that x, y are functions of u, ὃ only. The surfaces u=const., 
v=const. are cylinders of which the sections by the planes z = const., 
or w=const., are the orthogonal sections, and the condition for 
these cylinders to cut orthogonally is 
Ou ὃν ὃν δὺ 
Ox Ox Oy oy 
Since uw, Ὁ are expressible as functions of x, y only, it follows that 


ou δος further = = 0, Ἢ =0. The three orthogonality con- 
ditions of §4 (p. 224) are therefore all satisfied, and so the sub- 
sequent analysis remains valid. 

The functions Aj, hj, hj are given, from their definition, by the 


relations n= (“2) Ν (8 
HQ 


Hence the formula of transformation is 
a ETS A σαν 
Oa? ὃν" hyhg\ou\h, du si Be ). 


--. 


EXAMPLES I 


1. Prove that, in terms of polar coordinates x =r cos 0, y =rsin 6, 
857) 2517 Ὁ517 121) 18U 
ὍΣ ΤΟΥΣ Ort ἢ; Or ὁ γ8 δθε᾽ 
2. Prove that, in terms of cylindrical coordinates «=p cos ¢, 
T= PHOS, aU , eU 8.) δ: 181 1 85 τὰ 
ΤΟΥΣ" Gat pt tp ap ρ oe 
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3. Prove that, in terms of spherical polar coordinates 


x=rsindcos¢?, y=rsin@sing, z=rcos8, 

1 0/,@ | .@ é 1 8.5 
οὐ eh ee arin Oo ie ΩΣ 
ieee. 5; (" =) + Faia =p (809 00) * Fsin®O Og? 

δῦ 200 1801500, 1 aU 

OF Τρ or rot γ2 5 OO γεείηϑθ og? 

4. Determine the general form of a function V which depends 
only on distance from a given line in space and which satisfies the 
equation V?V =0, 
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CHAPTER XxX 
*‘LAPLACE’ EQUATIONS 


(i) SOLUTION BY SEPARATION OF VARIABLES 


The equations listed at the start of the preceding chapter (p. 219) 
can be solved in a bewildering variety of ways. One basic method, 
which can be applied widely, is to find, in the first instance, solu- 
tions in the form of products of functions each involving only one 
of the independent variables. 

The work of this section shows how the method can be applied 
in a number of typical instances, 

1. The equation of heat conduction. The flow of heat in a 
uniform body is governed by the equation 

1 ΟΥ̓ 
PF ς- 

ae h? ot’ 
where V is the temperature at time ¢ at the point (x,y,z) and A is 
a constant depending on the nature of the material. In particular, 
the equation for a thin rod is 


eV _1 av 
Oa? 3 ot” 
We are to solve this equation by a method which separates V 


into a part involving x only and a part involving ¢ only; that is, 
we consider whether there are solutions of the form 


V=XT, 


where X is a function of 2 only and 7' a function of ¢ only. If so, 
then the equation is eX 1 av 


dat ~~ a" 


1: ΣΧ 1 df 
or eS pee. 


Now the left-hand side is a function of x only, and the right-hand 
side is a function of ¢ only; and they can be equal only by being 
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constant, a function of neither. Denote this constant by the 
letter k. Thus 


aa "4: 
ew 
a =e eT. 


The nature of the solution depends on the sign of &. For instance, 
solutions periodic in x may be obtained by giving & the negative 
.-- αἱ 
value -- αὐ. Then Ἔν» ων ἐπ κω 
7! — Ce-a*h 
so that (absorbing C into the arbitrary constants A, B) a solution 
of the given equation is exhibited in the form 
V =(A cosax+ Bsin az) e~2**, 

Suppose, for example, that the ends x=0, x=1 of the rod are 

kept at zero temperature. Then there is a solution 
V =Bsinaz eo, 

where al=nn (n an integer). 


Thus the constant a assumes the form nz/l, so that 
V =Bsin = enh 


If it is known that, say, at time t=0 the temperature is dis- 
tributed along the rod in accordance with a given Fourier series 


& . πὰ 
= > ας, Sin --τ΄-, 
n=1 


then the temperature at time ¢ is given by the relation 
Y= Fay sin eaten, 


for this function satisfies the differential equation and also the 
given initial condition. 


2. The solution of Laplace’s equation in plane polar 
coordinates. Laplace’s equation is 


eU 100 10U 


Of ἐν or TAO 
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and we require, for the method of separation of variables, solutions 
in the form σ-- ΕΘ, 
where Καὶ ἰβ a function οὗ r only and © a function of θ᾽ only. Thus 

dr? rdrj} de 
ΠΕΣ 1dR) 1 PO 


0, 
or R 


Since the left-hand side involves only r, and the right-hand side 
only 0, each is constant. We may, for illustration, consider solutions 
which are periodic in @, so that the constant is positive, say πη". Then 


© =A cosné + Bsinné. 


The equation for Καὶ is 
aR dk 
“νιν πὰ Σ 
r dP +r Ἔ: n*R=0, 
and the standard substitution (p. 52) r=e” gives the equation 
aR 
du? —n*R=0 
with solution R=Pe"+Qe-™ 
= Pr™+Qr, 


where P, Q are arbitrary constants. 
A solution of the given equation may thus be taken in the form 


U =ar™ cos n6 + br” sin nO + cr— cos nO + dr-* sin n8. 


A more general solution is obtained by adding any number of 
such solutions for different values of τ; this is easily verified by 
substituting in the given equation, when each contribution vanishes 
separately. In particular, by giving n all positive integral powers, 
we obtain solutions in the form of a series 


U= Σ (a,r"cosnd +b, r"sin nO +c,,r-" cosnO +d,r-" sin n0). 
n=1 
3. The wave equation in two dimensions. Consider next 


the equation aU eu τ 
dat  Oy® οἷ ast’ 
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for which we require solutions in the form 


U=X YT, 


where X, Y, Τ' are functions of 2, y, ὁ respectively. By substitution 
in the given equation, we have 


eX _ @Y 1, a7 
YT gat XT Gaal κ. 


Lan 1 1 aT 
X da Ὕ dy oF di 
Each side must be constant, say (for solutions periodic in f) -- 3. 
ἔων T -- Α οοβ ποῖ + Bsin net; 
also X, Y satisfy the relation 
1@X .1 ΔΑ 


or 


where, again, each side must be constant. If, for example, we search 
for solutions periodic in X, we may take that constant as — m?; then 


X=Pcosmx+Qsin ma 


and “ἃ T+ (n*—m) Υ = 0. 
dy 


The solutions in Y are periodic if n* > m? and exponential if n? < m?. 
Suppose that we seek solutions which tend to zero as y tends to 
infinity. Then we take n? < m? and obtain the solution 


γ᾽ = Ce-V ἀπ -πῶν, 


Thus for a solution which, say, is periodic in ¢ and is stationary 
(0 17 [2ὲ = 0) at time t= 0, which is periodic in x and vanishes at x =0, 
and which tends to zero as y tends to infinity, we may adopt the 
form U = Asin mz e~Vm*-n*)¥ cos net, 
where m, ἢ are any constants such that m*>n?. If, for example, 
conditions are such that the vibration at any point has a given 
period 2π|ς, then we take n = 1 and obtain the solution 


U =Asin mz e~V™*-Dy cos ct; 


and if, further, U is always zero along the line x=1, then m must 
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be of the form kz/l. A solution under all these conditions can there- 
fore be obtained in a general form 


U=3 Asin~7~exp| — [{ΕΞ- 1) y Joost, 


summed for values of k greater than 1/7 (for which the expression 
under the square root sign is positive). 


The solutions hitherto obtained have involved only functions 
such as sines, cosines, exponentials and the like, with which we are 
already familiar. But other choices of coordinates involve functions 
essentially new, though we met them from a preliminary point of 
view while solving differential equations in the form of infinite 
series. The primary purpose of the next few paragraphs is to show 
how fresh functions become necessary, though more detailed study 
of their properties is reserved for later. 


δῦ δῦ &U 
ant t τὰ τ in spherical polar 


coordinates; Legendre’s equation. The equation in spherical 
polar coordinates is (p. 230) 


Or or Po pO” 20 ὁ γε og? 
We seek solutions of the form 
U=R09, 


where F is a function of r only, Θ of @ only, and ® of ὁ only. On 
multiplying by r?, substituting, and dividing by RO®, we obtain 
the equation 


UR dR 45Θ d® 1 d&® 
a" SP ate ες τς +o (age tt GG : a = 


4. The equation 


dr dr} @\d@? do) * @sin20 ἀφ" 
By an argument now familiar, we have ἃ relation of the form 
at RB . ak 
raat +2ra + kk=0, 


where ὦ is a constant. If we make the substitution 


r=e", 
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then (compare p. 233) the equation becomes 
aR dR 
ἄμ * du 
This is a linear equation with constant coefficients, whose auxiliary 
equation (p. 32) is p+p+k=0. 


The roots of this equation have sum — 1, so we may write them in 
the form n, —(n+ 1), noting incidentally that 


—+kR=0. 


k= —n(n+1). 
Then R= Ae™+ Berdu 


B 
= = Ar® tai gntl* 


We now have the relation 


we d@ 1 @#&® 
bal cot 0— ‘yt Oan2d +n(n+1)= 


doe + °°" 9} * Santo det 
θ᾽ d0\., ρανεῖ, 


Now the geometrical meaning for ᾧ suggests that there may be 
useful solutions in which © is a periodic function of ¢, and such 
solutions can be found by setting each side of this equation equal 
to m?, so that 


igs tmo=0, 
or Φ =Ccosm¢ + Dsinmd, 
The equation for © is then 
il) 4Θ 
age ἡ tea + +{mn+1)-5 nag) - 0. 


The standard form in which this equation is usually given is 
obtained by means of the substitution 


ju=cos 0 

qd do. 
Then Boa” 
20 20. , dO 
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so that HO ot? =F sind — 2.2” cond 
Tad fe 


Hence the equation is 


a0 Ga}*| 


This equation is known as LEGENDRE’S ASSOCIATED EQUATION. 
There are many problems in which solutions of the given equation 


aU AU , aU 
on Oy ee 
in the form U=RO0 


are required to be independent of the variable ¢, so that they are 
‘symmetrical about the z-axis’. The constant m must then be zero, 
and the equation for Θ is 


d 9,40 e 
πία -μ ἘΞ +n(n+1)0=0, 
This is called LEGENDRE’S EQUATION OF ORDER ἢ. 


ἢ 0=0,(4) 


is any solution of this equation, then solutions of the equation 
+ eU ou 


;™,| 0-0. 


=0 


=> = 0 symmetrical about the z-axis may be found as 


ΜΝ 053 
sums of terms of the type 
“0, orne,, 
say U=> Σ(Α, ΞΕ =i] On, 


where A,,, B,, are constants. 


art aye t oa =0 in cylindrical co- 


ordinates; Bessel’s equation. The equation in cylindrical co- 
ordinates is (p. 229) 
ay 18) 1 δ. aU 
cp? pcp pop? oz 


5. The equation 


=0. 
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We seek solutions of the form 
U=SOZ, 


where S is a function of p only, ® of ¢ only, and Z of z only. Sub- 
stitute and divide by S®Z; then 


1aS 1 8 1 ἀφ 10% 
Sdp?  Spdp  Op2dd? Ζ dz” 
As before (p. 234), each side is constant. For solutions in which, 


for example, Z assumes exponential form, that constant may be 
put equal to —m?, so that 


“ “πη 
de mZ, 
or Z=Ae™+ Be-™, 
LPS Tai PO . 
ve 8 dp? * Sp dp * Op age ~~” 
1 ΒΡ 1 d8 1 d® 
4, aM cae | MS le 
so that Pls arta ae ἐπ ᾧ det’ 


Once again each side is constant. Solutions which are, say, periodic 
in ¢ may be obtained by putting that constant equal to n?, so that 


ao ., 

ἀφ +n O= 0, 
or ®=Ccosn¢d+ Dsin nd, 
The equation for S is then 


2 
PT + rs +m*Sp? =n°8. 


The standard form of this equation is obtained by making the 
substitution 


v=mp, 
’s ds 

i Ἢ 2 ——— oe 2 —— | 

giving va ted t( n*) S=0. 


This is a very famous equation, known as BEssEL’s EQUATION, 
and its solutions are called BressEL FUNCTIONS OF ORDER n. These 
functions have many important properties to which many authors 
have devoted detailed study. Here we note that, if 


S,(2) 
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is a solution of Bessel’s equation of order n, then solutions of the 
equation 2217] 2217) 2217 

Oa? ὁ Oy? δεῖ 


are obtained as sums of expressions of the form 


=0 


etm § (mp) νὰ a 


(ii) OTHER METHODS OF SOLUTION 


We do not consider in these volumes the detailed methods avail- 
able for the solution of partial differential equations, but one or 
two of them may be illustrated incidentally by reference to the 
particular group of equations with which we are dealing. The 
equations are, in fact, linear in the partial differential coefficients, 
and we begin by indicating an extension for them of the method 
used for ordinary differential equations with constant coefficients. 


6. The equation of heat conduction. We return to the 
equation (p. 231) VY 192Γ 
δὶ he δε’ 
and consider (analogously to the case of ordinary differential 
equations) whether there are solutions of the form 


V =acerrt@, 
OV ΡΝ oy δὲ τ 
If so, then πε = eprtat τι = ogc" 
so that p= 4, 
or q=ph. 


Hence the function V =aerrtp*h*t 


satisfies the equation for all values of p. Further, it is verified by 
direct substitution that any sum of such solutions, for various 
values of p, is also a solution. Thus there exist solutions in the 


form Vad A, crete, 
P 


summed for any set of values of p. 
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For example, p might take in turn the complex values 2, 27, 34, 
.++, 2, .... The corresponding solution would be 
V= > B,, etna—n Phi 
1 
(sin nx 


V= Σ Ba ΣΝ : 
i ὶ 


or, in real form, San 


assuming that B,, B,, Bs, ... are real constants, 


7. Laplace’s equation in three dimensions. For the equa- 
—— eu 5 8:0 
ὍΣ Oy Oe 
we consider whether there are solutions of the form 
U =aeprtavtrs, 
If so, then the constants p, 4, r must satisfy the condition 


p + ᾳϑ +r= 0, 
and a form of solution is 


ὕ-- Σ App erttairs = (pp? +g? +7? =0). 
Da? 


=0, 


An obvious solution of the equation p*?+9q?+7r?=0 is given by 
p=tcosa, ᾳ- ἐβίη ἃ, r= —1. Then 


U= >> ὃ, ete cos a+y sin α)-ὦ 


and the real and imaginary parts of this function are separate 
solutions of Laplace’s equation. In real form we have, for example, 


a solution U => 6, 6 5 cos (x cosa+ysin a). 
α 


More generally, one at least of p, g, 7 must be complex, and the 
ranges of values to be selected depend, in any particular problem, 
on the type of solution that it is desired to obtain. 


The great generality, which these solutions by sums of expon- 
entials lead us to expect, prompts the question whether the ex- 
ponential e?*+@++7 of the preceding paragraph may be replaced by 
a more general function f(pa+qy+rz) of the variable px +qy+rz. 
We therefore try such an assumption as a method for solving the 
wave equation in two dimensions. 
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8. The wave equation in a plane. Consider the equation 

οὐ ὃ 108U 

ὍΣ oy οὗ oF 
and solutions, if any, of the form 

U =f(ax + by + At), 
where a, ὃ, A are constants. Writing 

u=ax+by+At, 


we have ---Ξ-- [( 


OU _ ett 


and, similarly, aa ΖΔ" 


In the same way, we have 
CU _ αὐ δ 


and so the given equation is satisfied if a, b, A are chosen so that 
a* +b? =A2/c?, 
or | A=+c,/(a?+6?). 
Hence the equation is satisfied by the function 
U =f{ax+ by +c./(a* +b?) t} + Flax + ὃν —c,/(a® +b) t}, 
where f, F are arbitrary functions, and where the constants a, ὃ 
are arbitrary. 


An alternative generalization is to seek solutions which are 
functions of some assigned function of the variables. This is 
illustrated in the following section. 


9. To examine solutions of Laplace’s equation in the 
form of functions of ++ ./(«*+y*). The equation is 

ee υν. μα 

Oz? ον 


τό . MIV 


0, 
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and the solution proposed is 

U=f(x+r), 
where r=,/(x? +y?). 


For such a solution we have 
=f'(%+r) ( +3] 
=(142)s@+n, 
so that as (7-3 2)r (e+n)+(142 =) "e+ 


γ 


=" s'etr+(l +2) f"(u+r). 


Also πῆ τη, 
="f'(e+n), 
so that a ὑπ 3 » @+n+Z τὴ 
="s" @+r)+ 4s" er). 


The solution therefore satisfies the given equation if 


“fe+r)+{(1 +2) 48 l petnr=o, 


or ferns (142 Mid "15 (x+r)=0, 


or f'(et+r)+2(a+r)f"(2+r)=0. 


If we write «+r=u, then the form of the function f is given by 
the differential equation 


f’(u) + 2uf"(u) =0. 


Hence utf’(u)=4A, 
say, where A is an arbitrary constant; so that 
f'(u)=tAut 
and f(u)=Aut+B. 


SOLUTION OF @U/éx*— 1/a*(d?U/et?) =0 243 
Hence a solution of Laplace’s equation is obtained in the form 
σ- Αγ" εν} +B, 
where A, B are arbitrary constants. 
ΟΣ 880 ο 10U 


The equations — a2 + 38 aye =0, => ta? a oe 0 may be solved by 


a simple transformation which gives a very general form of the 
result. But observe first that these two equations are identical in 
form (with ¢ written for y) if the constant a is given the particular 
value 1=,/(—1). We therefore begin with the second equation. 


eU 18U 
Ox a op 59" If we make the 


uU=x+al, v=x—-at, 
οὔ OU OU #U &U CU 8fU 


10. To solve the equation 
substitution 


ἊΝ τ" Be πὶ oe 
ὃ ὃσ ὃ δ᾽ «(0 , ὃ 
δὲ “δὼ Oy? δ ee Sudo ove)’ 
2 2 
so that the equation ue - " ὍΝ 0 
0517 
becomes ado? 


Hence U assumes the form 
U=f(u)+9(v), 


where f, g are arbitrary functions of their arguments. The solution 
of the given equation is therefore expressed by means of two 
arbitrary functions in the form 


U=f(a+at)+9(x—at). 
Note that, in this case, all solutions of the equation can be 
expressed in this form; in distinction from earlier cases, where 
special forms of possible solutions were guessed. 


i o?U 


δα oy? 
conjugate functions. Putting a= (i?=—1) in the result of the 


16-2 


11. The solution of the equation — =0 by means of 
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preceding paragraph, we obtain a solution of Laplace’s equation 
in two dimensions in the form 


U=f(x+ty) +9(%—ty). 
In particular, if we write 
2f (a+ ty) = u(x, y) + tv(z, y) 
and identify g with f, so that 
ὥρί(α -- ry) = u(x, y) -- ὑυ(ω, y), 
then we obtain solutions in the form 
U=u(z, y). 
Alternatively, if we identify g with —/f, we obtain (after division 
by ὁ) solutions πων ον. 
Hence solutions of the equation 
CU &U 
oa? * Oy? 
exist in the form of the real or imaginary part of the function j (a + iy) of 
the complex variable x + iy. 


12. The wave equation with spherical symmetry. The 
result of § 10 may be applied to find solutions of the equation 


οὐ ὃ f®U 180 
Gat Oy? Oe αἱ OF 
having spherical symmetry, where U is a function of r, ἐ only, with 
γε (αν 2). 
In terms of ἜΝ polars, the equation (p. 230) is 


(1 τ} 5 (sin 5): ΞΖ OU 107 
YF or + ang ὅθ 00 + sin®O og? ~ @® ab’ 


and, since U is independent of @ and ¢, this is 


=)- 1 ὃ 0 
aa" or} a® ot?’ 


οὐ 200 18U 


γ Or ἢν Or α OF” 
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Write Ur=VJ, 
so that V is also a function of r, ¢ only. Then 


ΟἿ ΟΥ͂ 
OT top 
#0, δῦ _@V 
or? Or Or?’ 
and so the equation is 
ΟΥ̓ ε pou 1 eV 


Or αἵ of a? of 


Hence (§ 10), Ve= oh + at) +9(r—at), 


or U = {f(r+at)+9(r—at)}, 


where ἢ, g are arbitrary functions of their arguments, 


REVISION EXAMPLES XXIV 


1, A-string of length ὦ is stretched between two points, one fixed 
and the other vibrating transversely. The motion of the string is 
determined by the equation 

δα. 1 δα 
Oa ¢2 OF” 
where z(x, t) is the transverse displacement at time t at a point at 
distance x from the fixed end, and c is constant. The motion of the 
end-points is given by 
2(0,t)=0, 2(l,t)=asin pt 


for all ¢. Show that, in general, there is a solution in the form 
z=f(x)sin pt, and determine f(z). 
In what circumstances does this solution fail ? 


2. For a transmission-line of uniform inductance L and capacit- 
ance C per unit length, the voltage V and current J satisfy the 


equations av _ fl aq εἰ σήν: 

Oar δι᾽ ὃ ΠΝ 
Derive the partial differential equation satisfied by V or J, and 
show that there are solutions in the form of a function of x only, 
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multiplied by οἷοί, where ὦ is a given constant. Prove that the 


solutions are of the form 
Actlut—kz) 4. Βρίωι καὶ, 


where k=w./(LC). 
If B=0 for both V and J, show that the ratio of V to I is ,/(Z/C). 
3. Write down a general solution of the wave equation 
δὲν 1 δὲν 
Ox οἷ Of? 

If the solution is subject to the boundary conditions that, for 
all ¢, y= 0 when 2 = 0 and when x =1, show that a solution of the form 
y =f(x) sin pt exists if, and only if, p has one of a series of discrete 
values. 


4, Find the solutions of the wave equation 
oy Lee 
da? οὗ ot? 
for which y=0 at 2=0 and at 2=1 for all values of f. 
Find the particular solution for which, in addition, at ἐξε 0, 


J ey +) 
y=0 and p= A sin ( τ]: 
5. Expand 2(7—2) in a Fourier sine series in the range (0, 7). 
Find the form and the coefficients of an infinite series of trigo- 
nometrical terms which represents, in the range 0 <a <7, a solution 


of the equation 


with the following boundary and initial conditions: (i) y=0 at 
χ τεῦ and at x=7 for all ἐ; (ii) dy/ot=0 and y=2(7—2x) when t=0 
for all x in (0,77). 

6. The equation for the transverse vibrations of a stretched 
string is τὰ aioe . The ends of the string being fixed at the points 
(0, 0), (1, 0), the string is released from rest in the form of an arc of 
the parabola ay=2(l—2), where l/a is small. Show that its form at 
time ¢ is given by the relation 


SP... ct 
ay -- Σ = asin cos, 


where p takes the odd values 1, 3, 5, .... 


| 
| 
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7. Obtain a solution of the equation 


in the form z=f(x) g(y). 
Find the solution of this equation satisfying the conditions, 
(i) zis finite as y tends to +00, 
(ii) for all values of y, the value of 0z/dx is zero when x =0, and 
zis zero when 2= ἐπ, 
(111) for all values of x in the interval (0, 477), the value of z is 1 
when y=0. 


8. A function V of z, y satisfies the equation 


oY oY 


wast Σὰ 


and vanishes for all values of y when x=0 and when x=1. Obtain 
an expression for V in the form &/,,(y) sin nz satisfying the further 
conditions 

(i) Κ- 0 δβ y>+00, 

(ii) when y=0, the value of V is sin’ za for 0<x<1. 


9. Find all solutions of the differential equation 


aU _2U 
Ou*® oy 


which are of the form U =f(x) g(y). 
Solve the equation subject to the conditions that 


U=0, = cosh? y 
when «= 0, for all values of ψ. 


10. Obtain a Fourier series, containing cosine terms only, for 
the function f(@) defined by the relations 


f@)=1 (0<0<}n), 
f(37) =0, 
1(θ)τ τ΄ (40<O<7). 
At time t, the excess pressure p at distance 2 from the closed end 
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of a pipe of length a, open at the other end, may be assumed to 
satisfy the relations 


2 
cP ἜΣ (0<2 <a; for all ἐ), 


OP Ht 
an 0 at x=0 (for all ἢ), 
p=0 at x=a (for all t>0). 


If fort <0, p has a constant value p, (the end of the tube at x=a 
being closed, and then suddenly opened to the atmosphere at time 
t= 0), show that the Fourier series found above enables us to express 
the subsequent variations of pressure in the tube by the formula 


knaz — ket 
p= 3 4,008 008 τ a 


and find the coefficients A,.. 

11, Find a Fourier sine series to represent the function 
Y=z (0 « « « α), : 
y=a  (a<x<2a), 
y=3a-—2 (2a<a<3a). 


What does the series represent in the interval 9a <2 < 12a? 
oY 2 Ὁ 
ot? Oar? 
t=0, represents the foregoing function y, and also makes dy/dt = 0 
when ¢=0, 


Find a solution of the wave equation which, when 
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CHAPTER XXXI 
SPHERICAL HARMONICS 


The theory of spherical harmonics may be developed from several 
points of view, and is too extensive for more than a brief survey here. 
We seek to emphasize merely the properties to which they owe 
their special importance, and to sketch different treatments to 
which they may be subjected. The topics are selected chiefly for 
their use in applied mathematics, especially in the theory of elec- 
tricity, with which we shall later assume that the reader has some 
acquaintance. 


1. Laplace’s equation for axial symmetry. When the 
potential U is symmetrical about an axis, taken to be the line 
x=y=0, Laplace’s equation is (p. 230) 


aa 00) 1 eu 
πα or + ang 9p (Hi 20) * @sin26 og? — 


with (for the symmetry) U independent of ¢; that is, 


ax" τ.) ἐππάκθ 9g (ain sind 55) - mvs 


There exist (see p. 237) solutions of this equation in separable 
form 
U => (Ar™ + Br-@*») 0,, 
n 


where @,, satisfies Legendre’s differential equation 
d 9, 20 ia 
ἀεί τὴς tan +1) 0=0 (~=cos 6). 


When 1 is a positive integer, Legendre’s equation has a solution 
which is a polynomial of order ἡ in y, and it will be convenient for 
the calculations which follow to take the form (p. 182) in which the 
polynomial is expressed in descending powers of y, 


n(n—1) n(n—1)(n—2) (ἢ -- 3) 


he Re? A θῖν, A. I ΞΘ 
22n—1)“" "+9 ρας αν 29 


ὡ ΡΒ 
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or, after reduction,* 


(n!)? [5] (—1)4(2n—2A)! 4, 
(2n)! —)(n—A)!(n—2QA)!Al”* 


2. The reciprocal of distance as a solution of Laplace’s 
equation. The potential due to a single element (point charge in 
electrostatics or particle in gravitation) is inversely proportional 
to distance; thus the potential U at the point (x, y, 2) distant s from 
an element at the point (x,,y,,2,) is, apart from a coefficient of 
proportionality, given by the formula 


pf ae ae eee Se ἐϑειὸς Σίνεδῳ δα 
8 {(e— 24)? + (y—yy)? + (2-2)? 

Since 85 = (« --αι)Ὦ + (Ὑ -- ψι)" + (2@-%)*, 
08 
it follows that 8a = t—Dy 

0U 1 ds L—2X, 
so that ra τὶ, 93 ᾽ 

OU ες δὶ ϑ(. -- οι) 

ox? 3 88 


Thus Ville 5+ (e- — 2%)? +(y—y)? + (2@-2)7} 
=(), 
This establishes the fundamentally important theorem: 
The function s— satisfies Laplace's equation. 
CoroLLaRY. The function 


ve Oltm+n 
~ dat dy™ dz” \s }? 
where 1, m, n are positive integers, also satisfies Laplace’s equation, 
since . δ ἜΡΕΗΣ 
VV= (satastea) seh το μβ () 
Ox? ον dz”) dal dy™ 02" \s 


ρει. 8} 
=0. 


* We write [}n] to denote ἐπ if n is even and 3(n—1) if n is odd. 
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Consider now a choice of coordinates in which the element is 
situated at the point A(0,0,1), and suppose that the potential U 
is to be evaluated at the point P(x, y,z) whose coordinates, when 
expressed in terms of spherical polars, are 
z=rsin@cos¢?, y=rsin@sing, z=rcos@. 
Then s?=1—2rcos@+7?, 
so that U =(1—2rcos6@ +r*)-4, 


the positive determination of the square root being taken. 
This is the function that we now investigate. 


3. The expansion of (1-—2ur+r*)-3. Writing » for cos@ in 
the formula at the end of the preceding section, we consider how 


the function U =(1—2ur+rt)4 


may be expanded in a series of ascending powers of r. As a pre- 
liminary step, we recall the binomial expansion, valid for [2 <1, 


(1— «οὐ 3e4 7: hs ἐξ 223+... 


© (2c)! 


Since these coefficients occur several times in the calculations, we 
adopt the temporary notation 


so that the expansion is 
(1-2) 4= Σ a,x 
k=0 


for [2 <1. 
Note, in particular, that the coefficients a, are all positive. 
In virtue of the identity 


1 — 2ur +r? =(1—re”) (1 —re-*), 
we have the relation 
U =(1—re)-4 (1—re-?) 4 
=(1+a, re? + a,r2e2 +...) (1+a,re-? + agr%e-2 +. ...), 
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valid if | re | «1 and | re- | «1, that is, if 
|r|<1. 
Since each series is absolutely convergent for |r| <1, the product 


when arranged in a series of ascending powers of 7 also converges 
to the sum U (p. 132), so that, for |r| <1, 


U =1+(a,e%+a,e-)r 
+ (α, e749 + oF + ας e214) 72 


+ (α, e389 + 0, Oy C8 + 14, Hy 6. 9- ας 6. 310) γ8 


= 1+ (2a, cos @) r+ (2a cos 20 + a9) r? 
+ (2a, cos 36 + 2a, ας cos @)r?+.... 


The actual values of the coefficients are not important for our 
present purpose (we shall find a more convenient expression later), 
but this form shows at once that, since a1, %»,... are all positive the 
coefficients attain their greatest values when θ =0, that is, when w=1. 
We now retrace our steps to establish an alternative version of 
the expansion. The expression (1 — 2ur+1r?)-* may be expanded as 
a series of ascending powers of the function (2wr—r*) in the form 


(1 —2yr +9?)-4 = αχίϑμν — 1?) 
0 
for such values of 2ur—r? as satisfy the inequality 
| 2ur—r?| <1, 


This inequality does not necessarily extend for values of r up to 
the limit | r | < 1 of the previous expansion; indeed, it is not satisfied 
for 4= —1,r=4. But it certainly holds for values of r such that 


| 2r| + |r?| <1, 


and this, again, holds if (taking a crude but obvious inequality as 
adequate) Ir|<}. 


Under this condition the series of positive terms 


@ 
Pret 2r | +| 7? |}* 


| 
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converges absolutely. Hence, using binomial expansions for the 
terms in brackets, the series 


συ k 
3 c| Σ vty | 2r |? [78> 
k=0 p=0 


converges, and, because of the absolute convergence, continues to 
converge when re-arranged as a series in ascending powers of r. 
But this is precisely the condition that the series 


ο k 
Eae{ Σ xeo(2nr)P(—ry*}, 


when re-arranged as a series in ascending powers of r, should con- 
verge absolutely for |r| <4. This result establishes the validity of 
the expansion, for |r| <4, 


ο k 
(1—2pr ryt Σ on | Σ ey ur)? (122 
when written as a series in ascending powers of r. 


An explicit form for the series may be found by observing that, 
for any given k, the term in r” arises when 


pt2(k—p)=n, 
so that p=2k—n. 
Hence the total coefficient of 7” is 
Weep 4Cop (2H) (— 1)"-*, 
summed for those values of k for which, n being given, the binomial 
coefficient ,¢.,_,, has a meaning; and, since 


Me k! 
Kak—n =o nyt (nk)! 


those values are given by the inequalities 
in<k<n. 


Identification of this sum with the polynomial solution already 
found for Legendre’s equation is more easily obtained if we arrange 
it in descending powers of yw, writing 


2k—n=n-—2A, 


or k=n—A. 
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Then the coefficient of r” is 

Σα,.-λ .π-τ-λῦῃ--λ" (2μ)ν- ( ἯΙ 1)λ 
summed for O<A<4n. 


Inserting values for ~,_, and ,,_)C,,»,, we have the expression* 


fn) (2m —2A)! (n—A)! San BN comaith 
2, 2-2 — A)! (a —Baytar 
ae! (—1(@n—2a)! gg 
= 2 2"(n—A)l(m—QA)IAIM —? 
agreeing, apart from a factor of proportionality (depending on n, 
but not on A), with the polynomial solution of Legendre’s equation 
given on p. 250. 
We therefore summarize the present position as follows: 
The expression (1—2ur+r?)-t may be expanded in a series of 
ascending powers of r, convergent for |r| <1, in the form 


(1 —2ur+r?)4=1+4rP(u)+12P(u)+...+7°P,(u)+...3 


and examination of the expression for the more restricted range 
|r| <4 has sufficed to establish that the typical coefficient P,() 
is a polynomial of degree n in 4, given by the formula 


_ Yl (--Ἰ)λ(ϑη -- 2}.}} 
Plt) = 2 χπρντ Δ} ον ΞΔ ΑΙ Ὁ 


Further we have recognized this series as the polynomial solution 
of Legendre’s equation; so that we know it to satisfy the relation 


d aP, τι 


It follows that, for arbitrary values of the constants A, B, the 
function (Ar? + Brnt) P (μ) 


is a solution of Laplace’s equation with symmetry about the z-axis; 
more generally, a solution exists in the form of the infinite series 


Σ (Ant + Baro) P,(u). 


* For [47] seo p. 250. 
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Deriition. The function P,() is called the LEGENDRE POLY- 
NOMIAL of order n. When the context makes the meaning clear, the 
argument μὲ is often omitted and the polynomial denoted by the 
simple symbol P.. 

It is easy to obtain explicit formulae for the first few polynomials: 


Pi“) =H, 

P,(u) = 384? -- 1), 

Ἐ (μὴ) = (58 — 3), 

Py (4) = 3 (3544 — 30p? + 3). 


The values P,(—1), P,(0), P,(1) are of importance, and can be 
calculated directly from the expression (1 — 2ur+,r)-4, as follows: 
When y= —1, the relation is 


(l+7)7=14+rP,(-—1)+rP(-1)+7P(-1)+...5 
so that P(-1)=(-1)*. 
When “= ΕἸ, the relation is 
(l—r)*=1+rP(1) +7°P,(1)+77P,(1)+..., 


so that P(1)=1. 
When “= 0, the relation is 


(1+7?)-4=1+rP,(0) +7r2P,(0) + 73P,(0) +... 
so that P,(0)=0 (n odd) 


-- τλἐπ 
P,(0)= ai (+) (n even). 


Note. We proved earlier (p. 252) that the greatest value of P, (i) 
occurs when 4 = 1, so that 
| P, n/t) | < 1. 
This accords with the result that the series 
1+rP(u)+7Py(4) +... 


is convergent for all values of r such that |r| <1. 
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4. Rodrigue’s formula for Ρ,,(μ). The polynomial expres- 
sion given for F,(~) in the preceding paragraph may be written 
more simply in the form (Rodrigue’s formula) 


R= wai (ae =) («3 “ἘΔ 
To prove this directly, write 
(W2—1)"= 
and note that, for A < 4n, 


d (2m — 2A) 
του τι ; 


x. nex(— 1) (ny 


so that* 


1 


"πεῖς 1 fel (-- 1γλη:} (2n—22! τος ss 
σαι] WD 


an! yA! (n—A)! —A)! (n— (n—2a)! “ 
im] (—1)\(2n—2a)! 
ge a ons 27(n—A)!A! (n— 2Ὰ)} ” 


=f, (4). 


n—2A 


5. Laplace’s expressions for P,,(u) as definite integrals. 
The polynomial P,(~) may also be expressed in integral form. We 
prove that the value of P,() is given by the relations 


P, (+) == [ὦ +1,/(1—y?) cos u}" du, 


dnd P(y)=2 =* | {μ- ἶ Χ -- μϑ) cos ἢ θοῦ ds, 
(The forms are only superficially complex. When A is odd, 
ΙΑ cos udu τε, 
and so the terms involving ὁ as a factor in the binomial expansion 


are all zero.) 
We begin by proving the formula 


Ε du ΩΡ. 
0 1+k*cos*u (((1-Ὁἰ ἀ3)" 


* When A > 3n, the differential coefficients are zero, 


. 
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The left-hand side is 


2" du ae ἐπ = sec? udu 
o 1+k*cos?u “Jo (tan?u+1)+ 
2 dt 
τς πράταν 
2 = +59 
~ (+2) [tan ‘Va τῊΙ 


esa lk 
J (1 +k)’ 
the justification of the ‘infinity’ in the transformation being 
straightforward. Now 


" du _Af? |. ae il = da 
9 1+k*cos?u 2) 91+ikeosu 2.01 1—ikcosu’ 


and, with u=2—v, the second integral on the right is 


19. «αὐ Δ ὔἕ dv 
2), 1l+tkeosy 2) 91+ikcosv’ 


The two integrals on the right are thus equal, and so 


ἘΠ | ἐν ᾿ _ Ww 
J(1+k) ajo l+ikcosu’ 
Note that each side is positive for all values of k. 


In particular, if vend 


ξ Ι -- γοοβθ᾽ 


the formula is 
A(1—rcos 6) 1 [΄ 


ΨΕ (1—rcos 9) du 
J(1—2rcos6+r?) π 


υ L—rcos@+irsin @cos u’ 


where A is + 1 or —1 according as 1 —r cos @ is positive or negative. 
Dividing by 1—rcos@, which is not zero for general values of θ, 


we have λ if i 
/(1—2rceos0+r?) mJ 1—r(cos —isin@ cos ω) 


Now assume r positive and take r < 1. Since 


|r(cos -- ἡ βίῃ 6 cosu)| < r, 
17 MIV 
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the integrand on the right-hand side, when expanded in a series of 
ascending powers of r by the binomial theorem, is absolutely 
convergent and also, by the ‘J/’-test (p. 119), uniformly conver- 
gent; it is therefore integrable term by term. Moreover, with 
r < 1, the sign of 1 -- γ 008 0 is positive, so that A = +1. Thus 


1 1 
J(1=2rcosO+9?) 7 


so that, from the coefficients of γῆ, 


Σ |“ r(cos ?—isin@ cos u)" du, 
0.0 


Ῥι(μ)5Ξ =. (cos --- ἡ βίῃ 0 cos u)" du, 


where #=cos@. Replacing —i by +7, which, by the parenthesis at 
the start of this paragraph, does not affect the result, 


Pal) == [Γ(μεῖνα -- μὴ cos u} du, 


Again, the relation 
A fh.) geen en δῖ: 
J(1—2rcos6+r2) mJ 9 1—r(cos 0 —isin 0 cos u) 
may be written in the form 


A 
rll — 2008043 


+f 1 ΚΟ 
m7 Jo γίοοϑθ -- ὁ Βη 9) cos u) 1 —7—!(cos --- ὁ Βίη 0 cos ει) 


and we proceed to consider this identity for values of r such that 
r > 1, so that 7 < 1, and also such that, for given 9, 


| x-1(cos 0—isin Ocosu)| < 1. 


[This inequality requires r? cos?@+r?sin?@ cos?u > 1, which is 
true for all u if, and only if, 
r|cos@|> 1.] 
The left-hand side is ὃ 
r ~ δὰ ἡ π(μ), 


or AS MDP (μ); 
0 
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and the right-hand side, by argument similar to that used for the 
case r < l, is 


12 f7 du 7: 7 
-ξ {{ποασοίπἰασουτ 008 0 —isin θοοοι) ἢ)", 
= sa spree |” (cos --- ὁ sin # cos u)—*» du, 

υ 0 


Hence, equating coefficients of 7+, we obtain the formula 


—1] {* du 
AP w= | (cos --- ὁ sin θ cos u)"*+?’ 


or (changing the irrelevant sign of 7) 


—1 {7 du 
λΡ, μὴ-- τ |) oos@ τ ἰ εἰὰ ὁ coax)*7° 


ae a δ ϑιν, 
π Jo {uti (1 -- ΑΞ) cos u}rt” 
In order to resolve the ambiguity of sign, consider the inequality 
r|cos@| > 1. 
If cos@ > 0, then 1—rcos6@ < 0, so that (p. 257) 
A=-1, 
If cos θ᾽ < 0, then 1+r cos 6 > 0, so that 


A= +1. 
Tosummarize, 
+17 du 
Po == | ΤΙΣ τπρ τ > 


—l1{7 du 
Βι()--τ {u+t,/(1—p*) cos un “al 


the integrals not being convergent for u=0. 


6. The recurrence relations. There are a number of useful 
formulae connecting successive Legendre polynomials and their 
differential coefficients. They may be derived from a number of 
starting points, of which we select Rodrigue’s formula. 


17-2 
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Το prove the recurrence relations 
P,— bP, a= Py 
BP, —Ppi=nk,, 
(n+1)P,.3—(2n+1) uP, +nP,_,=9. 


‘ 1 
Write Wn =F, — 1)", 
dw, 
so that P= ae: 
By direct differentiation, 
dw, _ 1 ᾿Ξ ἀνὰ 
ἂμ 2-i(n—1)! (u*—1)"* pw 
= μι, -Δ' 
Differentiate this relation ἢ times by Leibniz’s theorem; then 
d"tly, dw, 4 d*—ly, , 
dunt πα du” +n.1 que)? 
aP, dP, 
so that aa +nP,_1, 
or Ph — ΡΟ = NPs. 
Again, the relation - = UW,» 
dw 
aia Τὴ μῆ.. 
158 μ du {(# 1)+ 1} Wy» 
or ft ‘a = 2nW, + Wy_13 


so that, differentiating n times by Leibniz’s theorem, 


d™tly, cet aw, _ te ἄπ, m ad"w,,_1 
# “drt ἘΝ a” ΩΣ d un d ae ’ 
dP, fy Δ... 
or al cleat Palate ; ia 
or pP.—P,_3i= nb, 
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Finally, if we solve for P;, P’_, the two equations 


Fe —-UP hs = nP,_1 

MP) —Pr+s=nP,, 
we have (1—p*) Pi =nP,_, —nyuP,, 
(1—p*) P,_1=P,_,—nF,. 


Replace n—1 by n in the latter equation, and then equate the two 
values of (1—,?) δή thus 


ἌΡ στ YP, = (n+ 1) uP, — (n+ 1) Pras 
or (1+ 1) Pi, —(2n+1) uP, +nP,_,=0. 


7. The integral formulae. The two formulae which follow, 
also called the orthogonality relations, are of great importance in 
applications. 

(i) Z'o prove that, if m+n, then 


1 
| P,P.du=0. 
= 


The polynomials P,, P,, satisfy Legendre’s equation in n, m 
respectively, so that 


Z(H) Pa} + n(n +1)P, τὸ, 


ἀεΐα - μὴ Pa} +m(m+1) Py =0, 


and so 


d ad 
Px (1-H) Pa} —Py ἐς {(1 2) Pr) 
+(n—m)(n+m+1)P,P,=0. 
Hence, using integration by parts, 


(m—n) (n+m+ nf PrP, dp 
ἧς 1 
= [ Patt —#*) Pal δὰ | Ν Pr(l—p*) Pid 


1 1 
- [κα μὴ] +f Ῥία -- ὴΡ,, ἂμ 
-ι ..-} 
πῇ 
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since 1 — 4? vanishes both for ~=1 and for ~= —1. Also m+n and 
(with m,n > 0)n+m+1+0, so that 


(m—n) (n+m+1)+0. 


1 
Hence | P,P, dp=0 (m+n). 
-1 


1 
(ii) T'0 prove that iC P2du= mal’ 


Multiply the recurrence relation (p. 260) 
nP,, — (2m —1) uP, +(n— 1) PF, »=0 
by FP, and integrate, using the preceding result (i). Then 


1 1 
nf Prdp = (2n— Ἢ] MP, 4 P, dp. 
-1 -1 
Multiply similarly the relation 
(n+1) δ. —(2n+1) HP, +nP,_1=0 
by P,_, and integrate. Then 
1 1 
(Qn+1)[" pPyPyade=n[" Ph ἅμ. 
1 1 
Hence (2n+ Ἢ] P2 ἀμ-- (2 -- Ἢ] ΡΒ ἀμ 
-1 -1 


1 
=(2n-3)| P2_,du (similarly) 
aN 


1 
-| Pidu (similarly) 
-1 


=2 (since =1), 
᾿ 2 
Ϊ a  -πτ 


1 2n 
COROLLARY. Ἂ ‘ BPs Ραμ ΞΞ (2n +1) (n—1) e 


It is also easy to prove from the recurrence relation, or from the fact 
that the integrand is an odd function of μ, that 


1 
Ϊ μὰ ἀμ - 0. 
--1 


and so 


APPLICATION OF LEGENDRE POLYNOMIALS 263 
8. Expansion in terms of Legendre polynomials. Com- 
parison with Fourier series suggests the possibility that it may be 
possible to express a given function f(x) as a series of Legendre 
polynomials in the form 
f(%) =a Po(x) + a, P(x) +a. P(x) +... 


We content ourselves with a proof of the formal theorem that, 
if a function f(z) CAN be so expressed in a series which is uniformly 
convergent in the interval —1<a< 1, then the coefficients a, are given 
by the formula : 
ay=(b+4) [ fle) Pyle)de. 

Since F,(x) is bounded in the interval and the series is uniformly 
convergent, so also is the series 

f(®) F(a) = a Po(x) F(x) +a, P, (x) F(x) +..., 

which may therefore be integrated term by term from x= —1 to 
«= +1. Hence, from the orthogonality relations (p. 261), 


1 1 
| fla) Pye) day | (Py(v)}* de 
ak =i 


. 
~ 2k+1? 
which is the required formula. 
EXAMPLE 


Prove that this formula is always valid when f(x) is a given 
polynomial. 


9. The application of Legendre polynomials; general 
principles. We conclude by giving three illustrations to show how 
Legendre polynomials are used in physical problems. But first we 
enunciate, without proof, certain theorems which form the back- 
ground against which the methods employed must be tested. We 
adopt somewhat informal wording deliberately, to emphasize that 
we have not the equipment necessary for precision. 


(i) THE THEOREM OF UNIQUENESS. If a potential function U is 
(by any method) found 

(a) to satisfy Laplace’s equation; 

(Ὁ) to have assigned values over certain boundaries; 
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(c) to have ‘assigned discontinuities’ (possibly zero) in 207 [On 
over certain boundaries, where 6U/én denotes the rate of change of 
U in the direction normal to the boundary; 

(4) to vanish ‘sufficiently rapidly’ (if required) at infinity, 
then that function is uniquely determined. 

(ii) Tae ‘axis’ rHzoREM. If a potential function for a problem 
with axial symmetry (axis x=y=0) is determined for points on 


the axis,intheform ὦ 
Σ (Ana + Bye), 
n=0 


then the potential at the point (r, θ, d) is 
Σ (An +B,r-"+)) P(u) (4 =cos 8). 


It is unlikely that anyone reading the present work will not have 
some knowledge of the elementary electrical principles involved, 
but we shall give a brief note when any doubt seems likely to arise. 


IuLustRaTION 1. To find the potential outside an earthed con- 
ducting sphere of radius a in the presence of a point charge e at a 
point A distant f from its centre (f >a). 


Fig. 151 


The electrical principles are: 

(i) the potential vanishes at all points on an earthed sphere; 

(ii) the potential at a point P due to a point charge e at A is 
(in free space from which conductors, other charges, and so on, are 
absent) equal to e/ AP; 

(iii) the potentials at a point P due to two distinct effects may be 
superposed, 

In terms of spherical polar coordinates, take the origin O at 
the centre of the sphere and the z-axis along OA, so that A is the 
point on it for which z=/. Let P(r,0,¢) be an arbitrary point 
outside the sphere. 


= 2 eS eee 
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We observe that, in the absence of the sphere, the potential at P is 


6 
ΤΣ =O" 


Bearing in mind that we shall have to be considering the influence 
of the sphere r =a, where a < f, we form the expansion of this expres- 
sion as a series of ascending powers of r, for values of r less than ἢ. 


The expression is ° 4! -2(5) ἊΝ 


Ἰδ Bu 


The total potential U in space (outside the sphere) is the sum 
obtained by superposing the two components: 


i 52, (5) Pale) (for r<f), 


due to the point charge, 

(ii) an expression, to be determined, due to the presence of the 
sphere. 

In deciding what form to consider for the second of these com- 
ponents, we must bear in mind the facts that 

(a) it satisfies Laplace’s equation and has axial symmetry, so 
that it is the sum of terms of the type (A,7"+ B, r+) @,, con- 
sidered on p. 237; 

(5) it tends to zero at infinity, far from the disturbing sphere; 

(c) when added to the potential due to e at A, it gives zero 
potential over the sphere r =a. 

Recalling the theorem of uniqueness (briefly, that if we can find 
A potential, then it is THE potential) we try the effect of choosing 
Θ, of fact (a) to be the Legendre polynomial P,(), thereby re- 
stricting n to the positive integers. Thus we try, in the first place, 
a ‘disturbing’ potential of the form 


so that the series is 


Σ (An + B,, p+) P, (#4). 
n= 


Having done this, we note that, by (b), the coefficients A, must 
all be taken to be zero, and so the total potential outside the 
sphere is 


=e . : . —(n+1) 
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Finally, we apply the condition (c), that U =0 for all values of μ 
when =a. Thus 


25 Σ (3) Pau) Σ Bao Ply) 


This is satisfied (and we need not worry at this stage about con- 
vergence since only A solution is required; the convergence of any 
solution so proposed can be tested later) by choosing the coefficients 
B,, 80 that 

it. B,, qt) — 0, 


πὴ 


or FS ποῦ μου 


The disturbing potential is therefore found. It is (subject to 
convergence, which will be established almost immediately) 


a 2n+1 1 


ΞΞ--ὁ Σ Sa 9 fmt yntl E(t), 


= πρήλβίβνω 


Since f >a, this series certainly converges when r >a. 
We have therefore proved that the potential outside the sphere 
assumes the form 


σε Σ ἡ κώ-ἘΣ (F) en 


for r<f; and the alternative expansion of the first summation for 
r>f gives the form 


a*\" 1 
0-0 FPF & (F) saa Pa 
for r>f. 
Note that the disturbing potential is 


μὴ Ee OW a Ow AN τ 
JP Ye yr 0080+ (af 
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which is, in fact, the potential due to a charge —ea/f at the point B 
(inside the sphere) on the z-axis between O and A such that 
OB=a?*/f. The relation OB.OA =a? identifies B as the inverse of A 
with respect to the sphere. 

Finally, we have obtained a potential which satisfies Laplace’s 
equation, has the assigned value zero on the sphere, has a dis- 
continuity of the same type as e/AP near the point A, and vanishes 
at infinity. It is therefore the unique potential which we sought. 


ILLUSTRATION 2. 70 find the potential inside and outside a sphere, 
of radius a, made of material of uniform dielectric constant K, when 
introduced into a field which, in its absence, was uniform of strength Κ΄. 

The electrical principles are: 

(i) the potential U remains continuous as it crosses the surface 
of a dielectric; 
(ii) the value of Kou 
On 
(the negative sign being inserted merely to agree with the formula 
—0U/0en for electric force in free space) remains continuous as it 
crosses a boundary on which there is no fixed charge; 


Fig. 152 


(iii) the uniform strength F of the field in the absence of the 
dielectric implies that the potential U is then of the form 
U,= — Fz, 


where the z-axis is taken in the direction of the field. (The value of 
U, may be increased by a constant if desired, but that has no 
essential effect on the problem.) 

Thus, in the absence of the sphere the potential at P is 


—Frcos0= —FrP,(x). 
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The total potential U in space will differ in algebraic form for points 
P inside or outside the sphere. In either case, it must be the sum 


of terms of the type (A,r 4B, 4D) P (μ) 


for integral values of n. But for points inside, terms B,r-™+» 
cannot be present, for the value r= 0 would give an ‘infinity’; and 
for points outside, terms A,r” cannot be present (except for the 
given term — fr) since the disturbance in potential due to the sphere 
must vanish at infinity. If, then, we denote the potentials inside 
and outside by the symbols U; and U, respectively, we have 


U=SAgrPy(H) 
U,= — FrP,(u) +3 By Pp) 
Since the potential is continuous at r=a, we have the identity 
34, a"Py(u) = —FaP,(u) ἘΣ B, a P,(n) 


for all values of 6; and, since —K — is continuous (that is, since 


—K = is continuous, the normal being the radius) at r =a, 


K ¥.nd,a"-*P,()= -- FP) — Σ (n+ 1) Bua” Pu), 
Equating coefficients of P,(~) in these identities, after multi- 
plying the second throughout by a for convenience, we obtain the 
equations Aa" =B,a-m) 
KnA,a"= —(n+1)B,a- 
A,a= —Fa+B,a%, 
KA,a=—Fa-—2B,a-. 


} (n+), 


When n+ 1, the relations can be satisfied only when A, =B, =0. 
[ With experience, this result may easily be foreseen and the formulae 
taken at once in the form U; = Arcos 0, U, = — Fr cos 6 + Br-* cos @.] 
When n= 1, we have 

—3F _(K-1)@aF 


Asay at K+2 
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Thus the potential assumes the form 


3Frcos@ 
--- 3 
ἽΕΙ ΤῈ as 1) a°F cos@ 


(K + 2)r? 


ILLustRaTIon 3. ΤῸ find the potential due to a ring of radius a 
charged with electricity to uniform density o. The electrical prin- 
ciples have already been enunciated. 


Fig. 168 


We begin (in order to apply the ‘axis’ theorem enunciated on 
p. 264) by determining the potential at a point on the axis distant 
z from the centre of the ring. Since all points of the ring are distant 
/(a* +2?) from that point, the potential there is 


ὥπασ 
γ(α3- 23)" 
22\-4 
Thus Viea= 20 1+ a) 
o (2B)! z*\k 
=2no 3 ae (~a8) 


k=0 
—o7(%\ 2 (2k)! a*\k 
Hence, by the ‘axis’ theorem, 


2 (3a)! 3 
Vcg= Ξπσ Σ᾿ are - P,.(cos 9), 


k=0 


Ὁ ου (—1)* (2k)! q\ 2&+1 
Viner tne Z, “acai (r) Palos 
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REVISION EXAMPLES XXV 


1, Express Laplace’s equation δῆ =0 in terms of spherical 
polar coordinates. Show that, if U is of the form Rcosé@, where R 
is a function of r only, then 


R= Ar+ Br, 
where A, B are constants. 


2. Show that, in spherical polar coordinates, Laplace’s equation 
V?U =0 has solutions U=rcos@ and U =r-*cos@. 

Fit these two solutions together to give a solution satisfying the 
following conditions: (i) U->0 as roo; (ii) U is finite at r=0; 
(iii) U is continuous for all values of r; (iv) 0 {7 [ὃγ is continuous for 
all values of r except r=a; (v) οὕ [ὃν increases discontinuously by 
an amount kcos@ as r increases through the value a, where k 
is constant. 

(Suggest, if you can, a physical interpretation of the solution.] 


3. The density of charge o at the point (a,0,¢) on a spherical 
conductor of radius a placed in a certain electric field is given to 
be c=k,P,(u)+k,P,(u), where ~=cos@. The force acting on the 
conductor is known to be of magnitude 270? per unit area, acting 
outwardly along the radius. Prove that the resultant force is 
327°a*k, k,/15. 


1 1 
4, Evaluate (i) a P,(x)dx, (ii) [=P dz. 


5. Prove that, ifm, n are positive integers, both even or both odd, 


and n>m, then 
| 1 dP aP,,(£) dP, (x) 


"Tae | oe) —— dx=m(m +1). 


6. Evaluate | x(1—a?) P(x) Pi, (a) da. 
-1 


7. If P,(x) satisfies Legendre’s equation 
(1—a?) P, —22P,+n(n+1)P,= 


show that V= ἐπε 


(Ι ---αὔ) V"—2(m+1)2V' -ἰπίη -" 1)—m(m+1)} V=0, 


᾿ 
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and that W=(1— Bd ae ΠῚ rs 
satisfies m? 
Oia 9 Te: , —_ _ 
(l—2*) W"-22W nay anal W=0., 
dP (cos 9) 


Hence show that gin θ---.Ὁ..1..... 
d(cos @) 
is a solution of 


d*W 
Wee +5, (W cot0)+n(n+1) W = = 0, 


8. Prove that 
1 
| a" P, (2) da = 2"+1(n!)?/(2n + 1)!. 
-1 
9. Prove that 
xP) (x) =nP, (x) + (2n—3)P 
10. Prove that 
("-- P 
1 
11. Evaluate | (x 
-1 


n—2(%) + (22 —7) P,_4(x) +... 


n(%) = nach, (x) —nP,_,(2). 
ca 1) £41 (%) P(«) dx. 
12. Prove that, if f(x) is a polynomial of degree ἢ, 
1 2 1 
fle)=5 Σ γε 5) [ fy Ride 


Prove that, if n is a positive integer, 
() δα (5) —Pp_4(&) = (2n + 1) P,(a), 
(ii) (n+1) P.43(%)+nP,_,(x) =(2n+1)2P (2), 
(ii) (n+1)[  Py(a)de=Py_4(0). 
Prove that, if 0<2 <1, 


© /4y — 
x ( > ἢ Pyn—2(0) Pyy_(%) = 1. 


n=1 
13. Evaluate 
14. Calculate 


[PP Proaleddz, f° Pe) P, (2) Prsle)de, 


1 
| at+2P (x) da. 
-1 
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1 
15. Assuming the formula | P? dx=2/(2n+1), or otherwise, 
-1 
prove that dP 
eel 1)P,_4+ (27 — δ) Pst seey 
the series terminating with 3P, or P). 
16. Prove that 


Poo ey aca 


17. Show that the integral 
1 
| «ἌΡ (x) da 
-1 


is zero unless m > Ἢ and m — n is an even integer 2k, and that its value 


is then 2(2k +n) (2k+n—1)... (2k-+1) 
(2k+2n+1)(2k4+2n—1)...(24+1)° 


[The recurrence formula 
1 2q 
[2 (1 a) da = = 2 ; | 2a x*)@-ldz (ᾳ} 1), 


may be assumed.] 
18. The functions F(x) are defined by 
(i) F(x) is a polynomial of degree n, 
(ii) F,(1)=1, 
1 , 
(ii) [ Fula) Fy(e)de=0 (m+n). 
Prove, by induction or otherwise, that F, (x) = P, (2). 


Hence, using only the properties (i), (ii), (iii), construct Px), 
P,(x), P,(x). 


| 


Examples I 

Ι, y=r+4a5+A. 2. y=tan (2+ A). 

3. siny=Asinz 4, y= Aetti*_], 

5. 3y=(1+2)8-1. 6. secy=a—2. 

7. yt=(1+2)e7*+1-2e-1, 8. (1+2)(1+y)=27. 

Examples 11: 

1, log (a? +y?)=2 tan (y/x)+A. 

2. log {(a+1)?+(y+1)}=2tan— {(y + 1)/(a+1)}+A. 

3. logy= +A. 4 log a=; tan-\(“U*) 4A 

5. (a+ 23) (α -- 2y?)® = A. 

6. log (y® + 2ay* + 322) =2,/2 tan (SF) +A, 

7. +tany=A(x—tany)?*. 

8. log (e?*+e”)+4tan-! (εν -) = A. 

Examples III: 

1. sy=A. 2. συ τε. 

3. cosxsinhy=A. 4, xsiny+ycosy= Ae, 

5. avy(x?—y*)=A. 6. 2xy+ 3a*y—y=A, 
REVISION EXAMPLES XV 

l. ay?—2y=A. 2. 2a + 3a°y+y2=A. 

3. ax? + 2hay + by? + 29x + 2fy+A=0. 

4, (σα -π Ἐν) (α -- γῆ -- 2)7 τ Α. ὅ. 28 +43  ϑί(αν--α- γ})Ξ 4. 

6. (α --ἶὖ -- 1)3- 4(8. -- ἀν -- 6). 7. x+y= Aer, 

8. σε γε Acker, 9. y2—2—-2=Ach", 


ANSWERS TO EXAMPLES 


CHAPTER XIX 


. (y—4a2— A) (y— Ae) =0. 


18 MIV 


214 ANSWERS TO EXAMPLES 
ll. (y—AeS*) (y— Ae-sinz) — 0, 
12. y=tanhz. 

14, y=2?/(A—2). 

16. xy(x—y)=A. 

18. 2sinhy=(e—e-),/(a?+1). 
20. x—ycosx=A. 


13. kv? =g(1—e-?=), 

15. y=1/(A—a—logz2). 

17. (y—w—1)?=A(x+y—-1). 
19. e=e—@twy, 


21. ./2tan— ΕΞ } Ξε log {(3a + 6)3- 2(ϑυ -- 2)" +A. 


22. ysinz+}sin 25 -- τς βίη 45 -- ὃ. -- Α. 
28. (x—y)*=Azy?. 
25. Taxy? =9(a + 2y). 
26. log /(2?+ay+y?)+ 3-4 tan {(2y + 2)/2,./3}= 4. 

27. 2° — 3ay?=c3, 28. (x+y)?=2(~—y)+A. 
29. y®—32°y=c3, 

30. (i) “ϑ(α3- ψ") (2? —5y?) =A, 


24. ycosx=1+xe7—e?, 


(ii) r= A(1—cos θ). 


CHAPTER XX 


Examples I: 
1. 6e%, 2. 0. 
3. 4asin 32 -- 16 cos 2a. 4. 3cos*x—2cos2. 
5. —1l. 6. 4.3, 
7. (y"+2y'+y)e*. 8. ye. 
9. xy” + bay’ + by. 10. e*. 
ll. —sin®x—3cos*xsinz. 12. 4e° + 73 + Ze, 


REVISION EXAMPLES XVI 


1. y=cos*2z(A+sinz—}sin?x), 2. 2(a+1)y=2t~6a3+4+ Aa. 


4. = —e~tlogt 4 4 ex—vlogz 


1\2 
3. y=(=)) {log (a + 1) +A}. 


5. 24a%ye* = 3(1 — 2a + 2a?) e®* — 473+ A, 


Ψ arene οὐ να τς. a ee nF 


. y=h(a+1)8 (x? +2243). 
. 2(e+2)?y=(~+1) {(~+1)?—2log (ας -ἰ 1) -Ὁ 4}. 
. y(2—cosxz)=(2+ 008 2) {A --Ἰορ (2+cosz)}. 

. 2y=(x+A)atsine. 

. y=1-—(x+A)/(secx+tanz). 
. (x—1y=(e+1) {3 -- 62+ 8log (x+ 1) + A}. 
. y=x(logx+ A). 


. y=(sin“z)*+ Asin 2+ SB. 
. y=Ba?-—A(14+2). 
. y=(1+2")(Acosx+ Bsinz+zsin2z). 


. axy=n sin az. 
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(2e+1)y=a2(4+1)(%+3)+A(1 +2). 
2y log x = (log x)? +A. 8. ysing=}a¢—}sin 27+A. 


10. y=tsin‘xtanz+Csecz. 


14. y=x—1+A(xz—1) e-*. 


18. ὧῷ -- βίη αὶ --- ὦ 008 2) -- ΤΠ. 


. y=2sinz+Ae~*cos2, 
. αἣρ τε (α -- 1) {223 + 2. -ἰ 81ορ (κα -- 1) -- (ὦ -- 1)51.-. A}. 


22. y=j}2*-27+Alogx+B. 


. y=Ax+ Βα --α θο8α. 

. ¥fz=A+B(l—2x)*4; y.Jx=A+Blog(1—2). 
. y= A(z? +2z)+Be* +h. 

. y=Ae*+ B(x? — 244+ 2)+25— 3a? + 62-6, 


. y=!l +eloge+ Bat + As* [ate de, 
Ory =sinz|2°+B+A[2*cosectada}. 


. y=Ax+Beoosx+ $x cos? x—sin x cos Ζ. 


33. y*®=2a*(logx+ A). 


. B=A,n=1. y=A(e+a4)+C{(e+2a-) απ -Ξα -- 1} +22 
. 2eysina=2?+ Ax+ Β. 
. Yy=2t+ 4.8. Βα 3. 


dQ + 3Q,/(2Q) +2PQ=0; y= Aet* + Be**, 


᾿ da 
. y= hut (Ac+B)e™. 


18-2 


210 
99. 


40. 
41. 
42. 
43. 


ANSWERS TO EXAMPLES 
{A + Bato 4 ¢2/(4a4+2)}e™®; (44+ Blogxr+ 420°) er, 
when a=}, (A + Bu? +42? log a)e"*, when a= — }, 
y¥=(A+ Be-)/z? + 3, 
y(1 +sin x) = A{sin x + 2 log (1—sinx)} +B. 
y=Acosx+Btanz+4cosz tan?z, 
(+1) y=A+ Bart + gn+2/(n + 2), 


CHAPTER XXI 


Examples I; 


δι oo to = 


. y=Ae*+ Be, 

. y=Acos3z+Bsin 32. 
. y=(Ax+B)cosx+(Cx+D)sinz. 
- ¥=(A cos 3z+ Bain 3z) e-4, 


- Y=(A cos 4a + Bsin 42) e*. 
. Y=(A+ Bu + C2?) e-2, 


2. y=Ae-* + Be-iz, 


y=(4 cosh "3" 4-Bsinh™°) στὸ 


8. y=(4+ Βα: Ox) 65. 


Ξε (4 cosx+ Bsin x) e-*, 
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. 40y=e-**(3 cos 86 -- 67 sin 32) + sin 32 — 3 cos 32. 
. y=Ae*+ Βο + (442-2) e-, 
4. y= Ae" + Be-™™ + xert/(n). 


20y = 15e-2* — 1 6e—3e + ρῶς 


- y=(Acosz+ Bsinz +1) e—, 
ymer= (cons + /8sin 8) — cos x. 


. Y=1—§cosx—} cos 35. 
- y=(Acosx+ Bsinx) e+ 1 (sin 2% — 8 cos 22), 


y=(A + Bu) e444 4sin Qa. 
144y = 400e-* — 26 1e-87 + (122 + δ) e, 


- Y=(Acosx+ Bain x) e% + 2—4e2, 


= (2+ 32) e-8* + 82 -- ὃ. 


. Y=sinz+sin 27+ cos 27+ 22+ 1. 


. y=cosha—1. 
. y=e(A cosx+ Basin x) Ὁ τὲ ε(2δ5 + 40% + 22) 


. 2y=(1+2z)e*—cosz2. 

. ψ-:(2 -- αἹ) e* +e, 

. y=Ae*+-Boosx+Csinz. 
. 1382=(Ae+*—8) cos 44+ (Be + 1) sin 4¢. 
. y=(l1—Zz)e*. 
. 10y=Ae-** + Be-*+sinx—2cosz. 

. 40y=(Ae-** + 1) sin 2x + (Be-** — 2) cos 2a + 5. 
. 4y=e-*(A cosx,/2+ Β βίη x,/2) +cosx+sin 2. 
. 24y=e8(Ax+ Β- 3). 
. ψ-(4 -- 2.) e+ Be-* + ἡ ὁ, 

, 54y=A + Be — 244+ 3x? + 62%. 

. y=(A+ Ba) e-** + ,e*. 

. y=2e8? — 2e* sin 4x, where k=3(}7—2). 

. y=(A+4e)sinz+Beosa, 

. 10y = Ae~* + Be — e-**(cos 25 + 2 sin 22), 

. y=(A+ Be—Ae*) sine + (M+ Νὰ -- ἔχ) cos x+y cos 2x + 4. 
. y=(A+ But+ he") e*+27-2, 

. y=A+Bsinax+C cosax—x*a-* cos ax + 3xa-3 sin az. 

. y=Ae*+ Be* + Ce — zh e7(10x? + x) 
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. y=Ael* + Bet — χοῦ, 

. y=(sinz+2 cosa) e* + (sinz—2cos2). 

. y=(A—}4e)sinhz+(B+ 5.5) coshz. 

. y=(A+Be-sinz) οἷ, 

. 50y = 53e-8* + 155ae-% + 4 βίη α -- 3 cosa. 

. y=e-*+(~—l1)e*, 

. e=(a+fn-*) cos nt + 4( —2n-*) f. 

. 2=ae— {cos ./(n® — k*) t+ k(n® — k*)-* sin /(n? — 15) ὃ). 


23. y=e-*(A + But 42 + } cos 22). 


+ 5(cos 2% — 8 sin 22). 
26. y=4(sinx—2 008 2). 
28. y=er — 5. 


32. 27y=(A + Ba) e*+ 32-2. 


37. y= Ae* + Be**+sin 2. 


- εἶνε "(22 cos x —7 sin 2). 
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48. 
49. 
δ0. 
51. 


52. 


53. 
54. 
55. 
56. 


57. 
58. 
59. 
60. 


61. 
62. 


63. 
64. 


65. 


66. 
67, 
69. 
70. 


ANSWERS TO EXAMPLES 
y=Asin 2x+ Bcos 35 +2? sin 2x. 
y = Ae* + (Β -- 82) e+ (C +2) e*+ 6243. 
(i) w=2e4+t-2, y=et++2t-1; (ii) y(1)=e1+4+1., 
98a = 20e% — 20-3 +. 28te%, 
98y = — 49e-*— 1165: 14te% + 60e-#, 
x=} cost,/3 + %,/3sint/3 + 8 -- Φ  Ἐ 15, 
y= —§ cost,/3 —$,/3 sint/3 +1+12+4sint+ } cost, 
z= ἃ cost,/3 —4,/3sint/3 + 3+ 44+ }%+4sint—4 cost. 
a= e~™(60 — 88 -- Θὲ - 1), y=e-%( — 23+ 342+ 9ὲ-- 1). 
w= Ae*+ Bet+t, y= —Act#+2Be4~1, 
13a=4e%+49e-t, 13y= 13e—e%— 12¢-4, 
=X, 008 at + yy sin at +t sin at, 
Y = Yo COS at — Xp Sin at + ¢ cos at. 
“x=(1—#)cost, y=3sint+ 14tcost—3ésiné. 
2x = 3i(e'—e), 2y=3(3+t)e'—(1—3t) e+, 
y=e?—ta, z= —2Qe*—-}, 
a= 4A sin (t,/2 +a) —Bsin (t,/5 + 2) -- ἢ, 
y=Bsin (ἐν + β) -- Α sin (t/2 +a) +4. 
“=2sinht—2tcosht, y= —2sinht—2¢cosht—ce%. 
«=A cosh (ἐ +a) -- Β βίῃ (t,/3 + β) —;sinht—4sint/3 


+ $¢ cosh t — 34,,/3¢ cos t,/3. 


y=A cosh (t+) + 3Bsin (4/3 +) Ὁ τῆς sinht—}sint/3 

+ $¢ cosh t + },/3¢ cos t,/3. 
w=4e'+lle™¥+2t—-8, y=d4et—et+ 83,.-- 16. 
«=A cos ἐ(γ + 1) (t+a)+ Boos ἐ(γ8 -- 1) (t+ f) + tet, 
y= —Asin}(/5+ 1) (¢+a)+Bsin}(/5—1) (t+ 8) +2e, 
«= (A + Pt) cost—(B+ Qt) sint—}?sint, 
y=(B+Qt) cost +(A + Pt) sint + 42 cost. 
y=Asinlogx+ Bcoslog x + 42. 
y=Azx? + Bu + 42%. 68. y= Ax + Ba? + de. 
y=Ax*+ Ba++ 4x-*{(log x)? — 2 log a} + 21, 


y = (Aav? + Ba-V3) 22 + aA, 71. y=Ax*+ Bu-—xcosz. 


ANSWERS TO EXAMPLES 
72. y=Ax+B cos (/3loga+a)+a2%. 
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73. e=A+Bt+Ct"+}Hlogt, y= —fA—Bt+70t-" + }#— loge. 


74. x=Asin(a«+logt) + Bt+ d¢logi+ +2, 
y=A cos (a +logt) + Ct + 2é— di logt. 


75. y= gs; 76. xy = Ae, 
CHAPTER XXII 
Examples I: 
0, 


l. y=) de—3+ ge, 
$+3(1—e?) ev), 
3. ay=1—(1+at)e™, 
5. y=acosx+bsinz+ asin + cos xlog (cos 2). 
6. N=pT?/{(A+ 2) (A+3)}. 
Loe + Resin wi — Lw cos wt, 
7 (ROTA) Tame ita gmt 


CHAPTER XXIII 


Examples I: 

1. Yes . Yes, 3. No. 
4. Yes . Yes, No 
7. Yes . Yes, . Yes 
10. No. ll. Yes, 12. No. 
13. Yes. 14. No. 15. Yes. 
Examples 11: 

1. Yes. 2. Yes. 3. No. 
4. Yes, . No. Yes 
7. No . No. . Yes 
10. No. 11, Yes, 12. Yes. 
13. Yes. 14. Yes, 15. No. 
16. Yes 


4, y=e*{xlogx—zx+ 1). 


280 


᾿48 4 
. @) 1--|Ἕᾳ: 1)-- 5 1; 
. 4sin A/(5—4cos A). 
. C=0(0+kn); 


() "2; 
“Seen 5᾽ 
. Not. (u,,> +4). 


. The argument never holds. 
. (i), (ii), (iv) Not sufficient by 1/n; (iii), (v) sufficient, but not 


. (i) Diverges; 
. Limit 2 if u, <3; 
. Converges d> 0. 
. log, 3. 


ANSWERS TO EXAMPLES 


REVISION EXAMPLES XVIII 
(i) 1—-2-"-51; (ii) Jn(n4+1)(2n+1)>00. 


. H1—(-4)"} 3. 
. (i) 4n(n+1)>-~; 


(ii) 1—(n +1) 1. 


4. 1, 
(ii) 4n(n+1)(n+2)>0. 


-alaqi 1 1 a) 


nel nao nS n+4 48° 
(ii) τηίη + 1) (n+ 2) (3n+17). 


S=cot@ when 0+kz, S=0 when 0=krn. 
3 1 5 3 


4°24) 86:8) 4 
. +-8,< 


1 


T,000,000 when n>710 approx. 


19. All +0. 


necessary by 1/n?. 


. Converges ifa< —1, 


(ii) converges if k> 2, 28. 2. 
3 if u, =3. 
36. log, 8. 
38. Converges. 


REVISION EXAMPLES XIX 


3. No. (The limit is discontinuous at x= 1.) 
7. Not uniform—sum discontinuous at origin. 


8. p<2. 


10. 
14, 


9. Uniform. 

12. (i) p<l, (ii) p<2. 
s(1)=1. 

Uniform in 0<z<1. 


Uniform for p < 4. 
s(0)=1, a(2)=(1+2)7in0<2<1l, 


να 


as 


ANSWERS TO EXAMPLES 281 


REVISION EXAMPLES XxX 


00. 2. 4/2. ἃ. ἃ; 4. 1. 
€ 6. 1. 7. 1. 8. 0. 
1 10. 1. ll. 0. 12. Le. 


When both | z|>4 and |z—3|>1. 

(i) Necessary butnotsufficient; (ii) notnecessary, butsufficient. 
Converges | a| <1. 17. Converges |z| <1. 

(i) O<a<2, (ii) |z|<1. 19. 0<|a/<,/2. 

All values, 21. Converges |x| < 1/a. 


- 3(2+3x%—2%) log (1 +x) -- ξ(2 -- 81: +2) log (1 -- α) —$a + 523, 


REVISION EXAMPLES XXI 


dn. 
. ἐξπία - δ); 4nlog(1+b—), mlog2. 
. $'(x)=./7; integral =,/z. 
. —2(sin—1a)?. 21. ἐπί! --Ἰορ }(e+1)}. 


. ἀρτατὰ B(p, q)/{6%(b —a)?}. 


CHAPTER XXVII 


Examples I: 


1. 


» alt-(3) +(7) — 


General Bessel (p. 177) with ἡ τε ὃ. 


ἀκ ἢ 


a) a+)+ (59 


"Ἴων 


4) (44+)... 


8. y= ΠῚ ΤῊ where 


= Se ἃς, - d 
fo eo τ -ἢἢ ΝΞ 


1 δ᾿ 
n+ da + Sa, 2°"+1, with 
1 


=) 


" 1. \s 5 
“n= (32-1) (68-1)... [(Qn+1)— ale ΞΕ "} 


2 at x? eS . 
‘4 Fe (4 


= 4χ(. sin x + Bat cos x. 


» n!(3n—2) (3%—5) (3n—8)° 


3. The two hd are 


ANSWERS TO EXAMPLES 


REVISION EXAMPLES XXII 


— 1\"—-1 γὲ 
(ΣΤΡ. σὰς 2. See p. 177. 


(c—3) (c—1) 
p+ ei) (Qe+5) 


(ec —3) (c—1)(e+1) 
(2c +1) (2c +5) (2c +9) 
with c = 0, —1, convergent for | «| < 1/,/2. 


41455 


(2uty+...| 


4. The two series are 


Poy . er a ener? e 
c+l *(e+1)(e+2) 6: ἢ (63) (6 Ὁ 8) 
with c=0, $. 

. 2,2" is --αἶἀὑ; 


‘ a δ ὧδ 
nr Ss γον ᾽ς πε ἀδικεῖς. 
Xb, x” is 1 (πε ελ: τι)" 


αἰ’, 


. The two ten are 


.,.(6Ξ:λ}ὲ0::.3) 

(c+ δ) (ὁ -Ὁ 3) 
_(+1)(6-1) (6-3) 9,0, > 
~ (¢+7) (6- 6) (¢ +3) 

with c=0, —1, convergent for | x | <./2. 

. The series is (1+ 2x+32?+.. 

[ὦ] εξ. 

The second solution is (x log # + 1)/(~—1)*. 


#1 Ι-- — 5 (2 x?) + (22:7)? 


συ τὰν. ὦ 


.)=2a(1—2)-*, convergent for 


. (i) The two series are 


at = hay yan eat Fagg | 
+ conch prior herb Great ΨΕ 


with c=0 or 1—k. 
1 

(ii) y= =Au+ B\wloga— ὩΣ aa (1+h+---+5)}> 

where u= > 


αλ 
0 (λ!)5᾽ 
General solution when k=} is A cosh (2,/x) + Bsinh (2,/2). 


10. 


as 


12. 


13. 


14, 


15, 


16. 


17. 


18. 


of. A= 94-2 
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For arbitrary k, y= Au+Bv, where 


1 Ι΄ 
= + et peat: 


v= B(L4e+ δι. ar 


y= (A/a) +B} - Sart fats oat τ i ao +.. ). 


\ 4.6.8 
= A(x? + 6x 12) + 8.5 εὐ ᾿ς πος σις 
y= ᾿ 1.2.6.7" *123.6.7.8 +. 
git eo = 
y=A(1-5 +5 ----) ἐδ τες - 
=A cos (8) + Bsin (2°). 
The two series are 


[(A—4) + (e—2)*] [(A— 4) +¢7] 


(c+ 1) (c+ 2) (ὁ +3) (c+ 4) 


(c+1)(c+2) wh — «. ᾿ 


with c=0, 1. 
For c=0, polynomial when A = 4 -- (20)*; for c=1, polynomial 
when A=4— (20+ 1)?, where, in each case, @ is an integer. 


Particular solution is w= (x*— 4x -ἰ 2) 6 | = 


(3 
ax? (x? -*)] . The 
general solution is Au + Bu, where 


v=ulog,2+3(—)"a,2", 
0 
given by 
4...(n+2 
( Ma 


"π΄ (ἢ 


1 1 
+... +g 2(144+-. +5). 
y=1+a+a7+25+.... 
(The complete solution is A(1—2)+ B(1—xz)“ log z.] 
y=A(1+ax+ $a? + 42°) + Β( — 42). 


yong UK Dy 19.13.-- TB) 


Fie Ee ih 2 + see 
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20. y=Au+B(ulogx + 2xv), where 
U = 1+ 274? + ...4+n2%2"+..., 
© /n+1\2/ 1 l 
-Σ 5} (4-3) 


Radii of convergence 1. 


REVISION EXAMPLES XXIII 


1. z(- γη-- arcane: 0; sin ¢ (~— 27). 
sinh 7 © (—)" cos na 
7 Ee 1+n? 


ἘΣ 


Tell +(- )"*+1 cosh 7] sin nz. 


(27 <x <n) 


($a «πᾳ 37). 


jn-t 


yj 008m. (2 — 27) sin x. 


5. 1—joose+2> = 
6. ΣΙ ΞΡ Sa (- 0-9 sin na, — ([2π -- “)3. 


A ἀπ Σ OP as COs NX. 


cos3z cos 5a 
8. (a) Sloss 32 + 5 +...)3 7; 7+ 3. 
(6) 2 {sin 27+ ᾧ βίη 42+ 4sin 6x+...}; 0; -- π -- 3, 
. 2,8 
Φ- ἮΝ 


x {cos x -- } cos 2% + } cos 42 -- ξ cos 5u +} cos 72 -- } ο0885-...); 
1, 0; sum 7/3,/3; 4. 


cos3x cos5z 
32 + ee ; 


+ 
11. d+ (cose 


16. 4π8--ἀ Σ (—F cosne. 11. ἐπ 
1 


23.5 
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ὃπῷρ 1 4nx 1 67x 


ἘΝ 2 ὡς cs a . Lye 
12. 1α3 -- (α[πῚ [eos qt ga C08 —— + 39008 = +s da 
13. coskx; 008 ζ (2π --). 


14, Σ (2/n) οοβ πὰ sin na. 


ie. Be ya = sin na; (x —2k7)8. 


2a Ἴ 
n 


oo (—)" 
7 nt 


{eo 1. 
20. 41 — +h T° 


ΣΕ (--)».: 
τὶ η3π3ε nT 
In limit, z is } for 0<2<1 and —} for —1<2<0. The series is 


sin πώ. 


| : sin 372 sin 57x 
ΡῈ SIN 72% + ——o 


3 ya 


CHAPTER XXIxX 


Examples I: 
4. V=Alogp+B, where p is distance from the line. 


REVISION EXAMPLES XXIV 


l. f(z)=a cose” sin (2 +integral multiple of i) R 


02z 05 

3. aga = LO ae 
kret knet\ . ἔπι Al . .3nct . 30x 

4. y= Σ (P cos= 7" + Qsin = “*) sin τ᾽ ¥=57,8in sin —-. 
5 oho sin 3a sin 5a 
ee ae ae ‘ 

8(. sin 3xcos3ct sin 5a cos 5ct 

—{\sin x cos ct + ---.------ + 

| 3° 58 
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10. 


ΣΕ: 


11, 


14͵ 


ANSWERS TO EXAMPLES 


4 
7 {e-*¥ cos x — fe-%Y cos 3x + fe-*54Y cos 5a —...}. 


ὅοττν sin mx — 1ε. ὃπν sin 372. 


U=th2 +2 sinh (24/2) eu +2 sin (a./2) e-*Y, 


5 {cos — } 008 30 +} 008 50—...}. 


= PO gin 
A, ln Og | 
a si we 1 Ome ἴω ΤΣ 1 ἹΦ 
m | 3a δ᾽ Sa ΤΠ Sa ΤῸ ae TP 
where ὃ 5- στα vs 
0 ee 2 8 


9a—2 in (9a, 10a); —a@ in (10a, 1la), x—12a in (11a, 12a), 


ΤΕ 


ψ--Σ,, sin ἄν 


cos 


γτποῖ 
3a 


(5,, as before). 


REVISION EXAMPLES XXV 
U,>a= — (ka? /r?) cos0, U, <= — tkr cos 8. 
[Sphere with surface density (—/47r) cos 0.] 
(i) 0 when n> 0, 2 when n=0; 
(ii) 0 when m>1, 8 when n=1, 0 when n=0. 


1 τ Ο unless n=m—1 or m=n-—1. For the former, 


_ 2m(m* —1) 
τ 4m®—1 * 
2n(n + 1) 
(2n + 1)(2n+8)’ 
2(n +1) 
(2n +1) (2n+3)’ 


1 


(n+ 3)! 
1.8.ὅ.... «(25 - 3) 
3n(n +1) 
(2 — 1) (2n +1) (2n -- 3)" 


13. 


ee 
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INDEX 


Alternating series, 91 
Auxiliary equation and roots, 32 
‘Axis’ theorem, 264 


Bessel equation, 177, 237 
Bessel functions, 238 
Beta functions, 153 


‘Bounding’ test, 82 


Cauchy, 85, 128 
Coefficients, equating, 131 
Comparison test, 83 
Complementary function, 16, 33 
complex roots, 36, 67 
equal roots, 34, 68 
Conjugate functions for solutions of 
Laplace, 243 
Continuity, 109 
Convergence, 78 
absolute, 88 
general principle, 81 
power series, 129 
radius and circle of, 126—7 
tests, see Tests for convergence 
uniform, 110 


D’Alembert, 84, 128 

Dielectric, 267 

Differential equations; see separate 
items 

Dirichlet integrals, 155 


Electricity, applications to, 263 

Euler constant y, 95 

Euler linear differential equation, 
52 


Factorial function, 151 
Fourier series, chapter xxviu, 186 
coefficients, 192 
convergence, 202 
definition, 193 
half interval, 198 
period, 191 
Functions, odd and even, 196 
Functions as integrals 
differentiation, 146 
fixed limits, 139 
infinite integrals, 143 
integration, 145 


uniformity, 144; test, 147 
variable limits, 141 
Functions as series 
differentiation, 117, 129 
integration, 115, 129 
power, chapter xxv, 125 


Gamma function, 151 
Geometrical interpretation of differ- 
ential equation, 3 


Homogeneous equation, 5 
Hypergeometric series, 174; see also 
163, 166, 170, 172 


Integrating factor, 19 


Laplace equation, chapter xxrx, 219; 
xxx, 231 
axial symmotry, 249 
cylindrical coordinates, 237 
heat conduction, 231, 239 
integral expressions for Legendre 
functions, 256 
plane polars, 232 
spherical polars, 235 
solution as function of «+r, 241; by 
conjugate functions, 243 
transformation, 226 
wave in plane, 233, 241 
wave with spherical symmetry, 
244 
Legondre equation, 174, 179, 235 
applications, 263 
associated equation, 237 
expansion of ,/(1—2yr-+-r*), 251 
expansion of functions, 263 
integral formulae, 261 
Laplace integrals, 256 
orthogonality relations, 261 
polynomials, 255 
recurrence formulae, 259 
Limits, 78 
Linear dependence, 14 
Linear equation 
first order, 18, 61 
second order, 21, 62 
with constant coofficionts, chapters 
xxi, 31 and xxu, 61 
Log (1-Ὁ 2), 97 


a8“ a ls 
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Mean value theorem for integrals, 138 


Operator 
factorization of, 24 
Laplace’s, 219 
linear, 12; for constant coefficients, 
31 
Orthogonality relations (Legendre func- 
tions), 261 
Orthogonal systems, 223 
Orthogonal trajectories, 8 


Particular integral, 17 
rule for ‘normal’ cases, 39 
Potential problems, 263-9 


το as solution of Laplace’s equation, 
250 

Raabe, 87 

Remainder series, 78 

Riccati equation, 24 

Rodrigues, 256 


Separable variables, 4 
Sequences and series 
alternating, 91 
change in order of terms, 92 
descending powers, 179 


partial sums, 77 
power series, chapter xxv, 125; sum 
of, 131; product of, 132 
real positive terms, 82 
xIn-*, 96 
solution of equations, chapter xxvm, 
162 
Simultaneous differential equations, 48 
Spherical harmonics, chapter Xxx1, 249 


Tests for convergence 

Cauchy, 85 

D’Alembert, 84 

integral, 93 

Raabe, 87 

uniformity, 118, 147 

Weierstrass’s M test, 119 
Transformation, geometry of, 220 
Trigonometrical series, 189; period of, 

191 


Uniqueness, theorem of, 263 


Variation of parameters, 19 
Vibrating string, 186 


Weierstrass, 119, 147 
Wronskian, 15 


ee ee ε----. 


SOME PRESS OPINIONS OF 
THE EARLIER VOLUMES 


These books can be wholeheartedly recommended for the 
mathematically abler pupil. They are written in the attrac- 
tively informal style which we have come to associate with 
Dr Maxwell’s school text-books. The remaining volume will 
be awaited with interest. The Mathematical Gazette 


Volume I 


The present volume is the first in a series written by a 
university teacher who clearly has in mind those who are 
subsequently to become his own pupils...the book could 
hardly be bettered. It is cast in the elegant and now tradi- 
tional mould of mathematical text-books from the Cam- 
bridge University Press. It gets to grips immediately and 
clearly with fundamentals. It does not shirk difficulties, nor 
does it profess rigour where such is beyond the scope of the 
book at this stage. The Times Educational Supplement 


Volume I 


Dr Maxwell, using his long experience of university teach- 
ing... has embarked on the writing of a series to cover the 
needs of the mathematical specialist from his last year at 
school up to degree standard....No potential scholarship 
winner will be wise to omit these first two volumes from his 
reading; the treatment is lucid, challenging and invigorating 
throughout. Journal of the A.M.A, 


Volume III 


The work is admirable both in conception and execution; 
the rigour is never pedantic and the author has a practical 
appreciation that early work cannot be treated with the 
strictness appropriate to more mature judgment... .This 
third volume is particularly valuable, for it treats a subject 
neglected by existing text-books—the theory of functions of 
several variables. The whole work is to be highly com- 
mended....The series is attractively presented and we look 
forward to the final volume... . Journal of Education 
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